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Abstract. We prove the Kloosterman-Spectral sum formula for PSL2(Z[«])\PSL2(C), and ap- 
ply it to derive an explicit spectral expansion for the fourth power moment of the Dedekind zeta 
function of the Gaussian number field. Our sum formula, Theorem 13.1, allows the extension 
of the spectral theory of Kloosterman sums to all algebraic number fields. 



1. Introduction 

Our principal aim is to establish an explicit formula for the fourth moment of the Dedekind 
zeta-function (-p of the Gaussian number field F = 

(1.1) Z2(ff,F)- / \CFa+tt)\^g{t)dt, 



where the weight function g is assumed, for the sake of simplicity, to be entire and of rapid 
decay in any fixed horizontal strip. The basic implement to be utilized is a sum formula for 
Kloosterman sums over F 

(1.2) SF{m,n; c) — ^ exp ^27riRe ((md + riJ)/c)) 

d mod c 
(d,c) = l 

with c, d, m, n e Z[i] and dd = 1 mod c. It is a genuine counterpart of Kuznetsov's sum formula 
for Kloosterman sums over the rationals. As is to be detailed shortly, the existing version of 
this sum formula concerns only K-tiivial automorphic forms over PSL2(C), and is unsuitable to 
handle sums of Sp explicitly. We extend it to all K-types and invert the Bessel transformation 
occurring in it. We stress that this inversion has so far been obtained only for PSL2(M) and 
infinitesimally isomorphic groups. 

The explicit formula in Theorem 14.1 expresses Z2{g,F) as a sum of a term A/f(5), 
given by an integral transform of g, and a term based on the spectral decomposition of 
i2(PSL2(Z[i])\PSL2(C)). It is a generalization to F of Theorem 4.2 of [30], which gives for 
the fourth moment Z2{g,Q) of the Riemann zeta-function a similar explicit formula, based on 
spectral data for L2(PSL2(Z)\PSL2(M)); see also Section 15 below. In [6], we have generalized 
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that theorem to real quadratic number fields with class number one. In all the three cases, the 
fourth moment Z2{g, •) is linked to spectral data via Kloosterman sums. For F the step from 
the fourth moment to sums of is carried out in Section 2, and follows the same lines as in the 
rational case. In this respect, the real quadratic case in [6] is harder. There we had to deal with 
infinitely many units. As far as we see, it is essential for the method to assume that the class 
number is one, for both real and imaginary quadratic fields. Thus one may say that these three 
cases are built on an essentially common structure. There are, however, notable differences 
among them as well. In the rational case, the term MQ{g) is the main term, overshadowing 
the other explicitly spectral terms. For the quadratic cases, the same does not hold. We shall 
briefly discuss this peculiar fact for the present case in the final section. In the real quadratic 
case, there is even less reason to call the term corresponding to MF{g) the main term. Yet the 
outward similarity among these spectral expansions of the moments is highly remarkable. 

Various sums of Kloosterman sums can be related to Fourier coefficients of automorphic 
forms — by a Kloosterman-Spectral sum formula. In the case of the Riemann zeta function, 
this is Kuznetsov's sum formula in [21], [22]. There a sum of rational Kloosterman sums is 
expressed in terms of a bilinear form in Fourier coefficients of automorphic forms over the 
upper half-plane. The test functions on both sides of this equality are related by an integral 
transformation, given by a Bessel function. In applications of the sum formula, it is important 
to have control over this integral transformation, and, in particular, to be able to invert it. 
Kuznetsov did this in [21], [22] in an ingenious way. The sum formula for the upper half-plane 
has been discussed at many places. A self contained treatment along classical lines can be 
found in the first two chapters of [30]. For a spectral formulation of the sum formula, the 
version in [1] has the advantage to stress that the spectral data are tied not to automorphic 
forms but, in fact, to irreducible subspaces of the right regular representation of PSL2(]R) in 



Sums of Kloosterman sums over a number field ask for generalization of the sum formula 
to SL2 over the field. For the purpose of [6] we could appeal to [4], where the case of totally 
real number fields is treated. The restriction there to totally positive number fields is due to 
the fact that for products of copies of PSL2(M) the Bessel transformation in the sum formula 
is not essentially more difiicult than for one copy. 

For our present group PSL2(C) such a reduction to smaller groups does not hold; in fact 
it is the first step of an induction, and we have to start essentially from scratch. It is true 
that Miatello and Wallach have given in [26] a wide generalization of the sum formula, to Lie 
groups of real rank one. They have, however, good reasons to restrict themselves to irreducible 
representations with a iiT-trivial vector which are comparable to automorphic forms of weight 
zero. The relevant integral transform is described by a power series expansion of its kernel 
function; hence its behavior is only known near the origin. Moreover, the restriction to K- 
trivial representations makes it unlikely that the same kernel function can be used to describe 
the inverse transformation. However, we need, for the purpose of the present paper, a sum 
formula that relates sums of the form 



cez[j]\{o} 

to spectral data for rather arbitrary test functions / on C\{0}. That is, we are given a sum 
of Kloosterman sums to begin with, but not spectral expressions as in [26]. This requires a 



L2 



(PSL2(Z)\PSL2(]R)). 



(1.3) 
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good control of the relevant integral kernel in much the same manner as Kuznetsov's theory 
allows us to do for PSL2(IR). Wc achieve this by deriving a complete - including all fC-types 
— sum formula of Kuznetsov type for PSL2(C), with the discrete subgroup PSL2(Z[z]). The 
major part of the present article is devoted to the development of such a generalization of the 
Kuznetsov sum formula. As is mentioned above, it is the first Lie group other than PSL2(K) 
and its covering groups for which this has been carried out. The results are stated Theorems 
10.1 and 13.1. The former theorem can be used to get information on spectral data; and it 
is the basis of the latter, in which sums of the type (1.3) are spectrally decomposed. The 
integral transform in these formulae has a product of two Bessel functions as its kernel, see 
(6.21) and (7.21). Theorem 11.1 gives the inversion of the integral transformation. The integral 
representation in Theorem 12.1 allows us to bound the kernel function in (7.21) in a practical 
way for applications, especially to treat Z2{g, F). 

Once the sum formula in Theorem 13.1 is available, we can proceed with the study of 
Z2{g,F). The general approach is the same as in the rational case, but the computations are 
by far more involved, as can be expected. 

We could try to deal with general imaginary quadratic number fields with class number 
one, but have exploited arithmetical simplifications offered by the specialization to F = Q(i). 
The derivation of the sum formula as given in Theorems 10.1 and 13.1 could be carried out for 
any imaginary quadratic number field. If the class number is larger than one, the contribution 
of the continuous spectrum is more complicated. The discrete subgroup can be any congruence 
subgroup, provided we have a Weil type bound of the corresponding generalized Kloosterman 
sums; actually, any non-trivial estimate suffices. Without such a bound, we would run into 
additional technical difficulties, that would require the method of [25] for their resolution. 
Remark. Main results of the present article have been announced in our note [5]. 
Convention. Notations become available at their first appearances and will continue to be 
effective throughout the sequel. This applies to those in the above as well. We stress two points 
especially: (i) The terms left/right invariance/irreducibility are, respectively, abbreviations 
for the invariance/irreducibility of the relevant function space with respect to the left/right 
translations by the elements of the group under consideration, (ii) There are mainly two 
kinds of summation variables, rational and Gaussian integers. The distinction between them 
will easily be made from the context. Also, group elements, operators, and spaces appear as 
variables. They are explicitly indicated if there is any danger of confusion. 

2. A sum of Kloosterman sums 

The aim of this section is to reduce Z2((?,F) to a sum of with variable arguments and 
modulus, indicating the core of the problem that we are going to resolve. We shall partly follow 
a discussion developed in [30] on the same subject. 

Thus, let g be as in (1.1). Closely related to Z2{g,F) is the function 

/oo 
Cf(^i + it)CFiz2 + it)CFiz3 - it)CFiz4 - it)g{t)dt, 
-oo 

where all Re^;^ are larger than 1. Shifting the contour upward appropriately, this can be 
continued meromorphically to the whole of C^. It is regular in a neighbourhood of the point 

Pi = (h h h l)' '^^^ 

(2.2) Z2{g,F) = J(pi ;5) + aogi^i) + bog{-^i) + aig'{^i) + hg'{-^i) 
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with certain absolute constants ao, ai, bo, bi which could be made explicit. On the other hand, 
expanding the integrand and integrating term by term, we get 

(2.3) 3iz„z,,zs,zr,9) = ^ E ""7;ffm2T^'^ g(21og|//fc|) 
with k,l Here 

(2.4) a.(n)=a.(n,0), a.{n,p) = ^Y.^d/\d\fP\d\^'' 

d\n 

with p and the divisibihty inside Z[i], and 

/oo 
g{t)e'-'dt. 
-oo 

Classifying the summands according as k = I and k ^ I, we have, in the region of absolute 
convergence, 

(2.6) 3{zi, Z2, Z3, zr, g, F) = ^(0) 

4Cf(^1 + Z2 + Z3 + Za) 



+ 1^ S \rn\~^""~^"^Bm{zi-Z2,Z3-Zi;g*{-;zuZz)), 



16 ^„ 



where 



(2.7) Bm{a,(3;h)= ^ aa{n)ap{n + m)h{n/m), 

and 

g(2 log |i + 1/^1) 

(2-8) g(^;7,'^)= |,p.|i+„|2. • 

The first term on the right of (2.6) is due to (14.21). 

In order to exploit the relation (2.2), experience in the rational case suggests that we should 
continue analytically the identity (2.6) to a neighbourhood of the point pi , and that such a con- 
tinuation should be accomplished via spectrally decomposing the function i?„i(a, /?; g*(-; 7, (5)) 
with a sum formula of Kuznetsov's type. We shall see, in the final section, that this is indeed 
the case. The long process to reach there begins with the following fact on the complex Mellin 
transform of g*: 

Lemma 2.1. We put, for g € s e C, 

(2.9) ~g^^s;j,6) = ^ [ g*{u;-f,5){u/\u\)-'^\u\^^d>'u, 

where = C\{0}, and d^u = with the Lebesgue measure d^u on C. Then gq{s;^,5) 

is regular in the domain 

(2.10) Re(s-7-(5)<0 
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as a function of three complex variables. More precisely, all of its singularities are in the set 
{'f + 6 + ^\q\ + I : Z 3 I > 0}, as is implied by the representation 



(2.11) 9,{s;,,S) =2(-l)V(l + .-7-^+iM) 



T{l-5 + it) T{s--f-it+^\q\) 
T{S-it) r{l+ J -s + it+^\q\) 



g{t)dt, 



where the contour separates the poles ofV{l — 5 + it) and those of T{s — ^ — it + ^\q\) to the left 
and the right, respectively; and s, 7, S are assumed to be such that the contour can be drawn. 
Moreover, ifj, 5, and Res are bounded, then we have, regardless o/(2.10), 

(2.12) 5,(s;7,'5)«(i + kl + |s|)-^ 

with any fixed ^ > 0, as \q\ + \s\ tends to infinity. 

Proof. The first assertion follows from the observations that g*{u;^,5) <C |u|-2Re(7+(5) ^ 
u — > 00, and that g*{u; 7, S) is of rapid decay as u 0, —1, which is a consequence of respective 
upward and downward shifts of the contour in (2.5). To prove the second assertion we assume, 
temporarily, that 

(2.13) Re7 < Res < Re(7 + 5) < Re7 + 1, 

which is of course contained in (2.10). Moving to polar coordinates, we have 

1 r°° i"^ pi\q\e 

(2.14) *('^7,«) = 5^ + 

This triple integral is absolutely convergent. Note that we need to deal with the part corre- 
sponding to |r — 1| < £, 1^ ± 7r| < £ with a small £ > separately. The innermost integral is 
equal to 

-1 /.OO p-K 

(2.15) — / /-'*-ie-^(i+''') / e^^{i\q\6-2ry cos e)d6dy 

r(<5 - it) Jn J-^ 



Thus we have 



.2(s-7)-(5-it-l 



(2.16) 5,(„,,) = (-l)«/_T(^/ 

y'-''-'e-iy'^'-+'/-h^,\iy)dydrdt 



Jo 



°° 2^-^+''git) 

-00 r{d^tt) 

y^-^t-^ K2(s-^)-s-it{y)I{q\ {y)dy dt, 



5 



where the necessary absolute convergence follows from asymptotic expansions of these Bessel 
functions. The last integral can be evaluated as a limiting case of formula (1) on p. 410 of [42] 
coupled with the relation i~^'^^J\q\{iy) = /|q|(y). It is equal to 

.2 17^ ^(s-7-^t+i|g|)^(7 + (5-g+^|g|) 

^ ■ ^ 22-5+itr(|g| + 1) 

X (s ~j-it + i|g|,7 + S-S+ \q\ + 1; 1) 

_^s-it-2 r(i - ^ + it)Tis -j-it + i|g|)r(7 + S-S + 



r(l+7-s + ii+i|g|)r(l-7-^ + s+i|g|) ' 

where we have used Gauss' formula for the value of the hypergeometric function at the point 

1. From these we get (2.11) with the contour Imt = 0, provided (2.13). Having obtained this, 
we use analytic continuation to have the representation (2.11) for those s,j,S with which the 
above separation of poles is possible. Then, to find the location of singularities, we move the 
contour in (2.11) to Imt = L with a sufficiently large L > 0. We may encounter poles at 
t — 6) +il with integers I > 0, but the relevant residual contributions are easily seen to be 
entire over C"^, whence the above assertion. As to the bound (2.12), we note that, when \s\ + \q\ 
tends to infinity while 7, S, and Res are bounded, the contour in (2.11) can be drawn. Then 
we need only to push the contour down appropriately. The new integral is readily estimated 
by Stirling's formula. We may encounter poles if q is bounded, but then resulting residues do 
not disturb (2.12) because of the assumption on g. This ends the proof. 

Now, returning to (2.7), we note the Ramanujan identity over F: We have, for any n G 

pe 2Z, 

(2.18) V(c/|c|)2^5p(n,0; c)|c|-2« = — ^ • ( "V^^^'^'^l ^ " ^ n' ^ o' 
^ ^ 5^ J^v , , ;m Cf(s,p/2) \Cf(s-1,p/2) ifn = 0,Res>2, 



where 



(2.19) CFis,p) = lj2(^/\n\r^\n\-'^ 

is the Hecke L-function of F associated with the Grossencharakter (n/|n|)^P. Applying this 
with p = to the factor a^{n + m) in (2.7), we see that if 

(2.20) l + max(0,Rea) < Re(7 + (5), Re/3<-l, 
then we have the absolutely convergent expression 

(2.21) B^{a,(3-g*{--n,5)) = icF(l - /^) E l^l'^''"'^ 



X e-x?iy{2m'Re {dm /c))Djn{oL,d/c;g* {■;'■), 5)) 



d mod c 
(d,c) = l 



with 



(2.22) Dm{a,d/c;g*{-;'^,5)) = ^aa{n)ex.p{2TriRe{dn/c))g*{n/m;'y,5). 
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Note that we have used g*{—l;'y,6) = in (2.21). We expand g*{u;'y,6) into a Fourier series, 
and apply McUin inversion to each Fourier coefficient, so that in view of the last lemma we 
have, for any u G and r < Re (7 + S), 

(2.23) g*{un,6) = -J2iWHr f gg{s;7,6)\u\-^^ds, 
where (r) is the vertical line Re s = r. Thus we have 

(2.24) D^{a,d/c;g*i- -,^,6)) = - y2{m/\m\)-^ f Xg{s,a;d/c)\m\^'gg{s;j,S)ds, 

^ J(t) 



provided 1 + max(0, Re a) < r < Re (7 + (5), where 



(2.25) Xg{s,a;d/c) = ^ aa(n) exp(27riRe (dn/c))(n/|n|)«|n|-2« 

with {d, c) = 1. 

Then we invoke (see [33]): If g' 7^ 0, the function Xq{s,a;d/c) of s is regular for any a. 

li q = and a 7^ 0, it is regular except for the simple poles at s = 1 and s = 1 + a with the 
residues 7r|c|^("~^)CF(l — a) and 7r|c|~^("+^^CF(l + «), respectively. Moreover, we have, for any 
combination of parameters. 



(2.26) X,{s, a-d/c) = (c/|c|)2«(V|c|)^^-^"-^ 

^ T{1- s + \\q\)T{l + a-~s + \\q\) 
V{s + \\q\)V{s-a+\\q\) 



X-q{l — s, —a; d/c) 



with dd=l mod c. By the convexity argument of Phragmen and Lindelof we deduce from this 
that Xq is of polynomial growth with respect to all involved parameters as far as s remains in 
an arbitrary but fixed vertical strip. 

The last lemma allows us to shift the contour in (2.24) to the left as we like. The functional 
equation (2.26) yields 

Lemma 2.2. If 

(2.27) 1 +max(0,Rea) < Re(7 + 5), |Rea| + Re/3 < -2, 
then we have, for any non-zero m 

(2.28) Bmia,p;g*{- n,S)) = [Bi°^^ + B(^^]{a,p;g*{- n,S)). 
Here 

(2.29) Bi°\a,(3;g*{-n,S)) 

o I |2 r xCF(l-a)CF(l-/3)- .X 

= 2n\m\ <7c+/3-i(m) — -—go{l;'y,5) 

Qf{2 - a - P) 

+ 2.|mp("+%,_._i(m) ^^^/ + ^^^-^^^/^ go(l + a;7,^) 

C,f(^ + a- p) 



7 



and 



(2.30) i?W(a,/3;,g*(-;7,<5)) 

= -iz7r2'3-iCF(l - /3)|mr+^+i <y-<.{n)\n\'^+P-^S^,n{a, p, 7, S; g), 

w/iere 

(2.31) Sm,n{<^, (3,'y,6;g) = Y^ -^Spim, n ; c) [gj^^^ a, /3, 7, (j) ; 
|<,](o;a,/J,7,i) = (l«l/2)-=<'+»+« 

(2.32) .EwH)-'/ "'^:,;!!|;|!rL'^::;:if'' »»(»;7.^)(H/2)''.<. 

^ A-?) r(s+ 2|g|)r(s-a+2|g|) 

wzi/i < 1 + min(0, Rea). All members on the left sides of (2.28)-(2.32) are regular functions 
of the four complex variables in the domain (2.27) . 

Proof. This is analogous to the rational case, which is developed in Section 4.3 of [30] (see also 
[27], [28]). The first condition in (2.27) comes from (2.20). The second condition there allows 
us to shift the contour in (2.24) to (^) with 1 + ^Re (a + /?) < ^ < min(0,Rea). Then the 
right side of (2.29), which depends on (2.18), is the contribution of the poles at s = 1, 1 + a 
which occur only when q ~ 0. With this choice of the contour, in place of (77) in (2.32), 
the absolute convergence throughout (2.30) -(2.32) follows solely from (2.12). This gives the 
regularity assertion. To finish the proof we move the contour from (^) to {rj) as is specified 
above. 

Note that [g] (u; a, f3, 7, S) is even with respect to u so that the choice of square root makes 
no difference in (2.31). A relatively closed expression for the transform g 1— !■ [17] is available, 
though it is not much relevant to our present purpose; see Remark at the end of Section 12. 
The use of the Weil bound (8.14) for 5f gives the refinement of the second condition in (2.27) 
to |Re aj +Rc/? < — |. It should, however, be observed that the domain (2.27) in C'', even with 
this refinement, does not contain the critical point (0,0, ^, ^) that corresponds to pi in (2.2). 
In other words, the estimate (8.14) of individual Kloosterman sums does not suffice; we need 
a massive cancellation among Kloosterman sums. We shall demonstrate, in the final section, 
that the sum formula for Sp of the Kuznetsov type serves this purpose. It can be regarded 
as a device to separate the variables m, n in (2.31). Taking the result of the separation into 
(2.30), a sum of products of Hecke series emerges. The fact that these functions are entire 
and of polynomial growth gives rise to the desired analytic, or more precisely, meromorphic 
continuation of (2.6) to C^. 

Remark. The right side of (2.7) is called the complex binary additive divisor sum; for its 
rational counterpart see [28]. The dissection leading to (2.6) is crucial in our argument. We 
stress that it is not precisely the analogue of the Atkinson dissection in the rational case (see 
Section 4.2 of [30]). Observe that on the right side of (2.6) three times the first term is hidden 
in the second term; and thus the latter does not represent the non-diagonal part of the sum 
(2.3) in the traditional sense. A direct extension of Atkinson's device might be to classify the 
summands in (2.3) according either to the norms of k and / or to the ideals generated by them. 
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Then it would, however, be difficult to relate the result of dissection with any Kloosterman 
sums or like. In our argument we exploit a geometric feature specific to the ring that is, 
our dissection is based on the lattice, rather than arithmetic, structure of If one tries to 
consider the fourth moment of the Dedekind zeta-function of any imaginary quadratic number 
field with class number larger than one, the dissection argument will bec;ome an issue. We note 
that our argument has, nevertheless, a certain generality as well; it extends to 

/oo 
\CF{^+it,a)CF{^+it,b)\''g{t)dt 
-co 

for any a, b G Z. 

3. The group PSL2(C) 

The Sm,n in (2.31) is a sum of Kloosterman sums. The spectral decomposition of it requires a 
considerable dose of the representation theory of the Lie group PSL2(C). 

With this aim in mind, we shall work with functions on SL2(C) which are left-invariant 
over SL2(Z[i]). Since it is implied that they are even, i.e., /(— g) = /(g), we are actually dealing 
with 



(3.1) 

Denoting by 



a b 
c d 



G = PSL2(C), r = PSL2(Z[i]). 
the projective image of the elements ± of SL2(C), we put 



(3.2) 

for z,u,a, P & C, u ^ 0, |ap 



1 z 
1 



1/u 



, k[a,/3] = 



a_ P 
-0 a 



, h[u] = 
5p = 1; and also 

(3.3) N = {n[z] -.zeC}, A = {&[r] : r > 0}, K = PSU(2) = {k[a, P]:a,pe 



with a[r] = h[y/r\ . We have, for the Euler angles ip,9,ip G K, 

(3.4) k[a,P] =h[e*'^/2]k[cos(i6'),isin(i6')]h[e^'^/2j_ 

We have the Iwasawa decomposition 

(3.5) G = NAK, 

which we write, e.g., g = nak = n[2;]a[r]k[a, /?], and understand as a coordinate system on G. 
With it, Haar measures on respective groups are given by 



(3.6) 

and 

(3.7) 



1 1 

dn = d+z, da = -dr, dk = ■— r sin dw d6 dip, 
r Stt^ 



1 



dg = -r-dndadk. 
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We have, in particular, 

(3.8) [ dk=l, [ dg=4cF(2), 

Jk Jr\G 

where, with an obvious abuse of notation, 

(3.9) r\G = r\G/K ■ K ^ r\e^ • k. 

Here is the hyperbohc upper half-space, and r\B? is represented by the set 

(3.10) {(z,r) Gtf : |Rez| < i, < Imz < \, \z\^ + r"^ > 1} , 

which is the classical fundamental domain of the Picard group. 

Next, the Lie algebra g of G has a basis consisting of the six elements 



(3.11) 




These generate the universal enveloping algebra U{q). We identiiy them with right differentia- 
tions on G; that is, e.g., 

(3.12) (H2/)(g) = ^hm^ |/(gexp(tH2)) = {d^f){g). 

Then U{q) is the set of all left-invariant differential operators on G. The center Z{q) of U{q) 
is the polynomial ring C[n+, ri_] with the two Casimir elements 

(3.13) Q± = ^ ((Hi T 1^2? + (Vi T i^2f - (Wi T 1^2?) , 

o 

where the factor i means the complexification of respective elements. In terms of the Iwasawa 
coordinates we have 

(3.14) 0+ =}-r^d,d, + l-re'^ cot 9 d,d^ - Ure'^^d^de - ^^d,d^ 

Li i Z sm (7 

and 

1 1 1 rp~^^ 

(3.15) n_ =-r^d,d, + -re-"^ cot 6 8,8^ + -ire-"^d,de - 7^-^8,8^ 

Restricting ourselves to the maximal compact subgroup K, we note that its Lie algebra t, 
and thus its universal enveloping algebra U{i) are generated by H2, Wi, and W2. The center 
2{t) of W(fi) is the polynomial ring C[Qe] with 

(3.16) 17t = i(H^+w2 + W^). 
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In terms of the Iwasawa coordinates we have 
1 



(3.17) 



Qt = 



(9^ + sin^ 9d0 + — 2 cos 9 d^d^ + sin 9 cos 9 c 



Let L^{K) be the Hilbert space of all functions on K which arc square- intcgrable over K with 
respect to the Haar measure dk. To describe the structure of L^{K), and hence the unitary 
representations of the compact group K, we put, for \q\ < I, 



(3.18) 



(a:r-/5)'-«(/3x + «)'+«= ^ <i>^,,(k[a, /3])a;'-^ 

p=-i 



p,-g 



(-l)P+«<i>' . 



We have 

(3.19) $i 
Also we have, with (3.4), 

(3.20) ^lJHa,(3]) = e-'P^-"'^^lJk[cos{^e),ism{le)]), 
from which the relations 

(3-21) Qi^l^ = -^{P + l)^l^, H2^l, = -iq^l,, 

follow with the convention $p ^ = if \p\, \q\ < I is violated. The set 
(3.22) {cl?^,,,: ;>0, |p|,|g|<Z} 

is an orthogonal basis of L^{K) with norms 



(3.23) 



\%Jk 



K 



1 + 



21 



i\l — pj \l — Q, 



21 



The matrices 4>; = (^p,g) realize all unitary representations of K; in particular, we have 

(3.24) $i(kik2) = $Kki)$Kk2), ki,k2e/^. 
We arrange (3.22) as 

(3.25) L\K) = L^K; I, q), L\K; I, q) = ^ C<^^^^^. 

l,q \p\<l 

We have 

(3.26) L\K; I, (?) = {/€ L^{K) : Qif = -^{e + l)f, H^f = -iqf} . 
We call L'^{K; I, q) the subspace of L'^{K) of -ft'-type {l,q). 
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More generally, in a space in which K acts, we shall say an clement has -fC-type {I, q) if it 

is a simultaneous eigenvector of Vli and H2 with eigenvalues — ^(^^ + and —iq. respectively. 
This concept corresponds to the weight in the theory of modular forms on the upper half plane. 

We shall be concerned with representation spaces of Q for which we can use the principal 
series representations as a model space. The space of ii'-finite vectors in the principal series is 

(3.27) H{v,p) = { finite linear combinations of 'fii,q{i',p) } 
with 

(3.28) ^i,g{,^,p){n#)=r'+-'<^lg{k) (i/ G C). 

Formulas (3.14)-(3.15) and (3.20) imply that H{u,p) is a simultaneous eigenspace of n±: 

(3.29) ^±^l,q{l^,p) = \{{l^Tpf - l)^l,q{u,p). 

The space H{i',p) is not G-invariant, but known to be g-invariant and irreducible for values 
of (i^, p) that are of interest for our purpose. Restricting functions in H{iy,p) to we have 
a scalar product on H(y,p). If Rej^ = 0, the group G acts unitarily in the resulting Hilbert 
space - unitary principal series. In Section 8 we encounter these unitary representations as 
models for irreducible subspaccs of L'^(r\G) to be defined there. The irreducibility can in fact 
be confirmed by computing the actions of the six elements in (3.11) over each ^i,q{i',p), though 
we skip it. In what follows we shall see that in most cases H{u,p) is the space we are actually 
dealing with via maps commuting with the action of Q or equivalently oiU{Q). 

Remark. The general theory as well as specific treatments of unitary representations of Lie 
groups can be found in [20], [38], [40], and [41]. The fundamental region (3.10) is due to 
Picard [35], and its volume, given in (3.8), to Humbert [15]. Formulas (3.14), (3.15), and 
(3.17) are obtained by first interpreting (3.13) and (3.16) in terms of the local coordinates 
g = n[zi]h[z2] [-^ n[z3] with (21,22,^3) <= C^, over the big cell of the Bruhat decomposition 
of G, and by changing variables according to the Iwasawa coordinates. Our choice of basis 
elements (3.22) is somewhat different from common practice as is indicated by (3.23). This is 
for the sake of convenience for our later discussion. The maps which commute with the action 
of g are usually called intertwining operators. 

4. Automorphic forms 

Let C°°{r\G) be the space of all smooth left /^-invariant or /^-automorphic functions on G. 
We consider subspaces composed of simultaneous eigenfunctions of f2±, ile, and H2: Let x be 
a character on Z{q). We put 

(4.1) A,g(x) = {/ G G°°(r\G) : ^±f = x(fi±)/, and of i^-type (/, q)]. 

Elements of Ai^q{x} are called left r'-automorphic forms on G of ii'-type {l,q) with character 
X- Obviously they are counterparts of PSL2(Z)-automorphic forms on PSL2(M). 

As being eigenvalues of differential operators, x(^±) cannot be arbitrary: 
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Lemma 4.1. If Ai^g{x) {0} then x = Xv,p- Here Xv,p is the character of Z{q) defined by 

(4.2) x.,p(^±) = ^((^Tpf -1) 

with certain v G C andp G Z, \p\ < I, which are uniquely determined modulo {y,p) ^ {—v, —p). 

This assertion is a consequence of a study of Fourier coefficients of automorphic forms, which 
we are going to develop. Thus, for any / e C°°{r\G) we have the Fourier expansion 

(4.3) /(g) = ^-/(S)' 
where 

(4.4) F„/(g) = / Va;(n)-V(ng)dn 

JrN\N 

with 

(4.5) = rnN, Va;(n[z]) = exp(27riRe (wz)). 

Obviously the operator commutes with every element ofU{g), implying that, if / S Ai^g{x), 
then Fijf is in the space 

(4.6) Wi,g{x,u,) = {hG C-(G) : h{ng) = M^)h{g), 

of iiT-type {l,q) with character x}- 

Thus the above lemma is a corollary of 

Lemma 4.2. If Wi^q{x,co) 7^ {0}, then there exist v G C and p G Z, \p\ < I, such that 

X = Xu,p- 

Proof. Let h G W;^g(x,w). We note that for any fixed g G G the function /i(gk) of k G if 
belongs to L'^{K; I, q). In particular we have 

(4.7) h{g) = ^ /ip(na)$^,,(k). 

\p\<i 

The formulas (3.14)-(3.15) and (3.20) imply that the condition n±h = x(^±)/i is equivalent to 

(4.8) x{^+)hp = ^{1 - p)rd,hp+i + ^{r^d^ - (1 + 2p)rdr + 4r''d,d, +p{p + 2))hp, 

(4.9) x{^-)hp = -l{l+p)rd,hp-, + ^{r^d^ + {2p - l)rdr + Ar^d,d,+p{p - 2))hp, 

where it is supposed that hp = if \p\ > I. We shall first consider the case a; = 0. Then 
(4.8)-(4.9) can be written as 

(4.10) r^h'; - rh'p + (p2 + l)hp = i(a+ + a_)hp, 

prh'p - php = i(a_ - a+)hp 
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with x(^+) = ~ 1)) x(^-) = ~ !)• If P 7^ the second equation has a solution space 
spanned by r^'^'^ with ly = (a_ — a+)/4p; and the first equation gives a± = {v =Fp)^- If P = 0, 
we have a+ = a_. If a+ ^ 0, then r^^" and r^~'^ with u"^ = a+ span the solutions of the first 
equation. If a+ = then r and r logr are the corresponding solutions; and we have i/ = 0. This 
settles the case a; = 0. We next move to the case w ^0. For each t G C \ {0}, let £t be the left 
translation 

(4.11) 4/(g) = /(h[i]g). 
We have 

(4.12) W,,(x,w) = W,,g(x,iM. 

which reduces the problem to the case ui = 1. Any h G Wi^q{x, 1) has the form 

(4.13) h{n[z]4r]k) = exp(7ri(^ + z)) hm{rWm,M 

\m\<l 

Again by (4.8)-(4.9) we have 

(4.14) r'^h';^ - (2m + l)rh'^ + (m^ + 2m - Aw'^r'^ - 8x(n+))/im 

= -47ri(/ - m)rhm+i, 

(4.15) r'^h'i + (2m - l)rh'^{r) + (m^ - 2m - 477^^ - 8x(0_))/i„ 

= 47ri(Z + m)rhm-i- 

We write x(^±) = |(m± ~ !)• We may assume, without loss of generality, that 

(4.16) < Re/i+ < Re/i_ . 
It is immediate that there exist constants c±, d± such that 

(4.17) h±i{r) = c±r'+^K^^{2TTr) + d±r'+^Ii,^{2nr). 

We consider first the case /i± ^ Z. Applying inductively the equation (4.15) to hi{r) we see 
that in the expansion of h-i{r) all terms are multiples of either 7-a«+-'+i+2™ qj. j,-^i+-i+i+2n 
with integers m, n > 0. On the other hand, if c_ 7^ in (4.17), then h-i{r) has a term 
equal to a multiple of Thus we have either /x+ — Z + 1 + 2m = — /x- +1 + 1 or 

— /x+ — Z + 1 + 2n = — /i_ + Z + 1. The first identity gives + = 2(/ — m), whence < m < Z 
and /x+ = 1/ + (/ — m), yU_ = — i/ + (/ — m) with a G C. The second gives /x+ = /Lt_ — 2(i — n); 
that is, = u — [l — n), jjL- = V + {I — n) with a e C, where we have < n < Z because of 
(4.16). This settles the case c_ 7^ 0. In other case, we should have h-i{r) = d-r''~^^Ip__{2Trr). 
Applying inductively the equation (4.14) to h-i, we proceed in much the same way, and obtain 
the assertion of the lemma. Next, if /x_ € Z, then the above procedure yields that all terms of 
hi{r) are multiples of either 7-;*--'+i+2"» logr or 7-;*--'+i+2" -^vith integers m, n > 0. According 
as either c+ ^ or = 0, we have iJ.- —1 + 1 + 2m = fi+ + l + l or iJ,- — I + 1 + 2n = fi+ + 1 + 1, 
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respectively. Thus we are again led to the same conclusion. Finally, we observe that 11+ €1, 
implies /i_ G Z; and we end the proof. 

It should be remarked that in the above it is proved that if {v,p) ^ (0, 0), then 

(4.18) W,,g(x.,p,0) =C^i,,(!y,p)eC(p;,g(-i/,-p); 
otherwise 

(4.19) W(,g(xo,o,0) =C^i,,(0,p)©C5.¥^i,,(i/,p)|.=o. 

Thus (\m\Wi^q{xv,pi^) — 2, but for w 7^ we know only 6.miWi^q{xv,p,i^) < 2 at this stage. 
If a function / on G satisfies the bound 

(4.20) /(na[r]k) = 0{r^) 

as r t 00 with a certain real constant b, then we say that / is of polynomial growth. The 

dependency of the bound on the set where n and k move around is to be mentioned in our 
discussion. Automorphic forms with polynomial growth are the most interesting ones. The 
Fourier terms inherit this growth property, and we put 

(4.21) ^ffiXi^tPi^) = |/i S Wi^q{xv,p,'^) '■ of polynomial growth, uniformly over i^j. 

In this way we get rid of the /-Bessel term in (4.17), which is of exponential growth. On noting 
basic properties of the ii'-Bessel function, we have readily 

Lemma 4.3. Let uj 0. If Wl'°\xu,p,oj) is non-zero, then it has dimension one. Any 
generator h satisfies 

(4.22) /i(na[r]k) = O (iwrl^'e-^'^l'^l'^) , 
as r t 00, with a certain real b. 

We shall prove in the next section that we have actually dim W;^°'(xi/,p, w) = 1 for any uj ^ 0. 
Moreover, we shall later show that dim Wi;,g(xi/,p, w) = 2 always (see (6.17)). 
We next introduce the notion of cusp forms: Let 

(4.23) ^i^g'(x>^,p) = {/ e Ai^q{x,^^p) ■■ of polynomial growth, 

uniformly over N and ii"}; 

and put 

(4.24) %,«(x.,p) = {/ e <°'(x.,p) : Fof = 0}. 

This is the space of cusp forms of i^T-type {l,q) with character Xi/,p- The description of the 
Fourier terms in (4.17), and (3.14) (3.15) imply: 

Lemma 4.4. All cusp forms f are real-analytic and of exponential decay: 

(4.25) /(na[r]k) = 0(6"'^'') 
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uniformly over N, K as r tends to infinity. 

Remark. Automorphic forms can be defined on much more general Lie groups, see, e.g., Harisli 
Ciiandra's lecture notes [13]. 

5. Jacquet operator 

In order to give explicitly an element in the space Wl'°^{xiy,p,to), lo 0, we shall appeal to the 
Jacquet integral. This device turns up in the computation of the Fourier expansion of Poincare 
series. 

Thus, let / be a function on .TjvVG, with which we generate the Poincare series 

(5.1) ^/(g) = ^ E /(^g)- 

terff\r 

We shall ignore the convergence issue temporarily. Via the Bruhat decomposition we have 

(5.2) P/(g) = i(/(g) + /(h[i]g)) + i5^ E/Wc]li[l/c]wn[d/c + a;]g), 

CT^O d mod c oj 
(d,c)=l 

where w=[^~^];dd=l mod c. The innermost sum is, by the Poisson sum formula, equal to 

(5.3) Vexp(27riRe(rfa;/c)) / Vu;(n)"V(n[rf/c]h[l/c]wng)rfn 

with tp^^ as in (4.5). If we suppose further that / is such that 

(5.4) /(ng) = Vu.'(n)/(g) 
with an oj' € Z[i], then we have 

(5.5) P/(g)=l(/(g) + /(h[i]g)) 



7EE^F(a;,a;';c) / M^)-'f{h[l/c]wng)dn. 



+ 4 



Hence we have 

(5.6) F^Pf = i((5^,..'/ + (5a;,-a;'^i/) + ^^^F(a;,a;';c)^„V/' 



where 6 is the Kronecker delta, £ is as in (4.11), and 

(5.7) = I V'?(n)-V(wng)dn 

JN 

is the Jacquet integral. A property of is 

(5.8) itA^lt = 

16 



for any t ^ 0; thus only Aq, Ai matter actually. Obviously yi| commutes with any element of 
Now, let us compute Au,<fi,g{i^,p), which is in Wi^g{xu,p,i^)- We remark that 



(5.9) 



wn[z]a[r] = n 



v/r-' + I^P' ^r^ + \z\^ 



and thus 

(5.10) Au;(pLq{v,p-,na[r]k[a,P]) 



Jc 



-27riRe {ojrz) 



-1 



/C (1 + |^|2)-+l 

This shows that for Bjev > 

(5.11) ■A^wA'^,p) e Wl'°\x.,p) 

We have, by (3.24), 
(5.12) 



k[a,(3] d^. 



A^ifi,q{v,p]n&[r]k) =ip^{n) ^ w^(r)$^_g(k), 

\m\<l 



where 



(5.13) «L(r)=ri-^ / 

Jc 



-27riRe {ujrz) 



-1 



The relation 

(5.14) k[e-'^a, /3] = h[e-'^/2]k[a, /3]h[e-'^/2] 

and (3.20) imply that, after the change of variables z = ue^'^, the last integral becomes 

u -1 



(5.15) 



/ 

Jo 



(1 + U2)-+1 



/TT 
exp ((p + m)i(?!) — 27riRe (wrue*'^)) dipdu. 
-TT 



Thus we see that if w = 0, then 
(5.16) v'^ir) = 2Tr6„r'-'' 

and if w ^ 0, then 



(1 + U2)-+1 P.-P 



(5.17) 



vUr) = 27rri--(zc.V|a;|)-P-'" 

X / U 



(l+«2)>'+l P. 



du. 
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The integral in (5.16) is, by the definition of equal to 



a 

i-\p 



'^(,.a(i~\p\\i^i±mL. 



l V{l + \p\ + l)T{v+\p\) 

"2r(t. + / + l)r(2|p| + l) ^' \ a ;(2|p| + l)„ 

lT{l + l-v) T{\p\ + v) 



2T{l + l + v) r(|p| + l-z/)' 
The last line depends on the identity 



a + l)---(a+j-l), 



which can be shown by induction. On the other hand, we observe that if p + m < in the 

integrand in (5.17) then we may replace (p, to) by (— p, — m) without affecting the value of the 
integral, since wc have (3.19) and J_a = (— 1)" Ja for a e Z. Thus, according as sgn(p+TO) = ±, 
the integral is equal to 



(5.20) (-1)'- {-iryZni 

a=0 



a J \l ^ p — a 

-l+2a T 
(1 + U2) 



0=0 6=0 

«l'"+fl+ij|„+p|(27r|u;|™) 



/ 

-'o 



du. 



(1 + u'^y+^+i-'' 

Exchanging the order of summation, the sum over a taken inside is equal to 

b\{2l-by. 



(5.21) 4(m,6) 



il-p)\{l+p)\ 
I - ^{\m+ p\ + \m- p\)\ fl - i(|TO + p| - |to-p|) 



In fact it is 



(5.22) 



min{i=Fm,iq:p} , \ / ; , \ / 

L^m.\ I I ±171 \ / a. 



a=b 

min{A,B} 



a J \l ^ p ~ aj \b 
{I - m)\{l + m)\ 



E 



6! {A-ay.{B-a)\{a-by.{a + cy. 
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with A = l^m, B = l^p, c= \m+p\; and on the assumption A< B 

min{A,B} A-b , . l,\ fl. 

f5 23) V - - \-(_l^d^A-b\ {b-B)a 



{A-h)\{B-b)\{c+h)\j^^'- ' V d ;(c + 6+l)rf 
(A + B + c-6)! 



(A-6)!(B-6)!(A + c)!(S + c)! 

because of (5.19). Hence we get (5.21). 

Collecting these and invoking the formula 

which holds for -1 < Rer < 2Rer? + | (formula (2) on p. 434 of [42]), we obtain 
Lemma 5.1. We have that for w = 

and for co ^ 

(5.26) Aaj(pi,q{iy,p){na.[r]k) 

= 2{-iy-^n^\u;r'i;Un) J] (ia;/|a;|)— ^aL(^^,p; k|rX,,(k) 

|m|<; 

with 
(5.27) 

-\m+p\/2-\m-p\/2 (7rr)'+l-J' 



Wc sec that with respect to ly the function AQipi_q{i',p) is mcromorphic, and for uj ^ the 
function Ai^ipi^q{i',p) is entire. Thus, taking into account analytic continuation, we may extend 
Aa, so that Ai^^pi^q{v,p) is given by the right side members of (5.25)-(5.26), as far as they are 
regular. In this way we define the Jacquet operator: 

(5.28) A^ : H{iy,p) -> W^P°'(x.,p, w) 

where the right side is the space spanned by all Wl'°^{x,^,p,>^), \p\ < I, \q\ < I- The function 
Au}^pi,q{v,p) spans the space Wf'^{xv,pj^)j <^ 7^ 0, for all values of € C, p € Z. In particular, 
since the space W;^°'(x-i/,-p, w) is identical to W;^°'(xi^,p, w), the function Aa,(pi,q{—y,—p) is 
a multiple of Au)(pi,g{u,p)- Checking the coefficients of ^;_g(k) in these functions we find the 
functional equation 

(5.29) (7r|a;|)-"(ia;/|a;|)fr(/ + 1 + u)AM'',p) 

= (7r|a;|)"(ia;/|a;|)-fr(/ + 1 - uJA^-u, -p). 
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Note that the term Jacquet operator is hmited to its application to the space H{v,p), 
whereas wc use the term Jacquet integral wherever it applies. This abuse of terminology should 

not cause confusion in our later discussion. 

Now, the most important example of automorphic forms that are not cuspidal but of 
polynomial growth is offered by the Eisenstein series of ii'-type {l,q): 

(5.30) e;,g(!/,p;g) = ^ ^ ^i,q{^,p){lg) (Rei/>1) 

7er„\r 

with p € 2Z. We need this condition on p to have a non-trivial sum; note that (3.20) implies 
ipi^q {v,p; h[i]g) = (— l)P(/?;_g(j/,p; g). The series converges absolutely in the indicated domain of 
V, and is regular there, which is the same as in the ii'-trivial case (see Section 3.2 of [8]). The 
Fourier expansion of ei^q{v,p) can be obtained as an application of the foregoing discussion. 
Obviously we have 

(5.31) A^ly,^i,q{v,p){#) = (c/|c|)2f |c|-2(-+i)yi„^,,g(zy,p)(a[r]k). 
Thus, by (2.18), we have 

Lemma 5.2. The Eisenstein series ei^q{v,p), p € 2Z, is meromorphic over C with respect to 
u. When it is regular, we have the Fourier expansion 

. ^ ( 2. r(? + l-l^)CF(l-i/,p/2) 

(5.32) e,qi.,p) = ^,qi.,p) + n r(; + 1 + .) Cf(1 + .,p/2) 



^^^-i^ ^ a_.(a;,p/2).A.^,,(.,p). 



We also have the functional equation 

(5.33) 7r-''r(Z + 1 + !/)Cf(1 + u,p/2)ei,q{p,p) 

= TT^'Til + 1 - z/)Cf(1 - iy,p/2)ei,q{-u, -p). 

Proof. These assertions are consequences of the previous lemma, the identity (5.29), and the 
functional equation 

(5.34) 7r--r(b| + v)C^{v,p/2) = tt''-^V{\p\ + 1 - z/)Cf(1 - y,pl2). 
This ends the proof. 

Note that in the present arithmetical situation we do not need to establish Langlands' 
analytic continuation [23] of Eisenstein series. We stress also that the above discussion implies 
that each cusp-form il) e ^Ai^q{xv^p) has the Fourier expansion 

(5.35) ij} =^c{u)Auiipi,q{v,p) or F^ij; = c{uj)Aoj^pi,q{v,p) 

with certain complex numbers c(w). Because of this, instead of considering individual auto- 
morphic forms, we study systems that behave under the action of in the same way as the 
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ipi^q{u,p). Thus, automorphic representations move to the focus of interest; that are Hnear maps 
from the model space H{u,p) to C°°{r\G) that commute with the action of Q. Specifically we 
have, for any X G g, 

(5.36) F<^XV; = c(a;)yia,Xv.i,g(i/,p). 

This means that the result of a right differentiation applied to a cusp-form is a sum of a finite 
linear combination of cusp-forms, since H{v,p) is 0-invariant. Moreover, we see that the set of 

automorphic functions Qip orU{Q)tp share the Fourier coefficients {c{(j)} in the sense expressed 
by the identity (5.36). In passing, we note that in (5.35) we have 

(5.37) c{-uj) = {-lfc{ij). 
This is because h[i] e F and iiAi^ = A-i_^£~^. 

Remark. The operator A^j has been studied by Jacquet [17] for more general groups than 
PSL2(C). For PSL2(IR.), one obtains an expression in terms of Whittaker functions. Basic 
properties, like (5.34), of Hecke L-functions associated with Grossencharakters can be found in 
[14]. 

6. Goodman— Wallach operator 

The Jacquet integral has given a solution to the system (4.14)-(4.15), which is at most of 
polynomial growth in the sense of (4.20); and it has fixed the operator A^- The formula 

(4.17) suggests, however, the existence of a solution of exponential growth. To construct such 
a solution we shall employ a method due to Goodman and Wallach [12]. We shall have a map 

(6.1) 'B^: H{u,p)^Wix.,p,co), 

where the right side is spanned by all Wi^q{xiy,p,oj), \p\ < I, \q\ < I- 

Thus, let (p e H{p,p) be arbitrary. We shall find a vector {0(771, n) : m, n > 0}, which 
depends only on w, so that 

(6.2) ■BMS)= E a{m,n)d^d^^{wn[z]w-'g)U=o 

m,n>0 

satisfies 

(6.3) S„^(ng) = Va,(n)S„(p(g), 
or 

(6.4) dt'BMn[t]g)\t=o = TTiu-BMs), di-BM^[t]g)\t=o = wiu-BMs)- 
We note that 

(6.5) ™ww-(° J)(™ww-.r' = «(S J)+<.(J _°,)-'«^(; °). 
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Considering the exponential of the right side in a vicinity of t = 0, we have 

(6.6) dt(p{wn[z]w~^n[t]g}\t=a 

= {l + u- p)zip{wn[z]w~^g) + z'^dz(p{wn[z]w~^g), 
since for ^ = + «6 (^i, 6 e M) 

(6.7) ^(h[e«]na[r]k) = (p(a[e2«V]h[e'«=]k) = e2(i+'')«i-2p«=V(a[r]k). 
The formula (6.6) gives 

(6.8) dt a?<p(wn[^]w-in[i]g)|(,,()=(o,o) 

= m{u-p + m)d^-^ a?(p(wn[^]w-ig)U=o • 

In just the same way one may show that 

(6.9) did^ 5Xwn[z]w-in[i]g)|(,,,)=(o,o) 

= n{iy + p + n)d^ 9?" V(wn[0]w-ig)U=o • 

Prom these and (6.4) we see that the coefficients a(m, n) should satisiy the recurrence relation 

(6.10) TTiLV a{m, n) — {m + l){iy — p + m + l)a(m + 1, n), 
niu) a{m, n) = {n + l){v + p + n + l)a{m, n + 1). 

We set the side condition 

(6.11) a(0, 0) = {T{v + 1 + p)T{u + l-p)}-^. 
Then we are led to 

(7riw)'"(7riw)" 



(6.12) a(m,n) 



m\n\r{v + 1 — p + m)T{v + 1 + p + n) 



With this choice of the vector, the sum (6.2) converges absolutely for any clement ip G H{v,p). 
Indeed, the analyticity of z i-^ iy9(wn[z]w~^(?) provides us with a necessary bound of the deriva- 
tives. We stress that the sum is entire with respect to v. 

Obviously the operator B^^, commutes with all elements oiU{Q); and it maps <fii,q{i',p) into 
Wi^q{Xv,p,i^)- Thus there should be an expansion of 'Bi^ipi^q{i',p) in terms of ^ln,q' l™l — ^• 
Lemma 6.1. We have, for any w ^ 0, 

(6.13) ®„(pi,,(i/,p)(na[r]k) 

= (7r|a;|)— Va,(n) ^ (-ia;/|^^|)^'— /3t,(z/,p; |a;|r)$^,^(k), 

\m\<l 
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where 



l-\m+p\/2-\m-p\/2 . 

(6.14) f3l{u,p;r)= ^ j) ^^^^^''j I,+i_im+p\-j (27rr). 
VFe /lave also 

(6.15) 7r-2(7r|a;|)-'^(-ia;/|a;|)fr(Z + 1 + iy)A^^i^g{u,p) 

= - ^^^(zWkl)"^r(; + 1 + z.)s^^,,,(:/,p) 

sm TTV 

+ ^4^(ia;/|a;|)fr(Z + 1 - u)^^<pi,,{-u, -p) , 
which is a refinement o/(5.29). 

Proof. Let us suppose that v ^Z. On the right side of (5.27) we replace the JC-Bessel function 
by its defining expression: 

(6.16) K^{u) = ^^(/_^(«) - I^iu)). 

I sm 77^ 

Then the function c^^(y^p\ r) is a difference of two parts; one is r" times a power series in r, and 
the other r~'^ times another power series. Taking these into the system (4.14)-(4.15), we see that 
each part satisfies the system. The first part is equal to a multiple of /3^(i/,p; r), whence the right 
side of (6.13) belongs to W;,g(xi/,p, w)- The other part yields another member of Wi^q{xv,p,cu); 
and these two are linearly independent. Since we have shown dim W;,g(xi/,p, w) < 2 already, we 
find that 

(6.17) dimWi,g{x.,p,co) = 2 

under the present specification. On the other hand, it is easy to see that there is a power series 
P such that 'Biipi^q{v,p;a[r]) = a(0, 0)ri+^P(r) with P(0) = 1. Hence ■Biipi^g{v,p) should be a 
constant multiple of the right side of (6.13) with ui = 1. The constant is equal to 1, as can be 
seen by checking the term with m = p. Observing that 

(6.18) it'Bii^'' = 3*2 

because of h[t~-^]wn[2]w~-^h[f] = wn[t^2;]w~^, we get (6.13) for general non-zero cu. As to 
(6.15) we note that 'B^ipi_q{iy,p) and "B^ipi^ql—iy^—p) arc linearly independent elements of 
Wl'°^{Xiy,p,uj); and thus .At^<p;,g(i/,p) is a linear combination of them. Computing the coef- 
ficients of 4'(^g(k) in these three elements we obtain (6.15). The case v G Z is settled with 
analytic continuation, since both sides of (6.13) are entire in i/; and (6.15) is similar. This ends 
the proof. 

Now, we shall show that operators A^^ and "3^2 are related in a way which will turn out 
to be important in our later discussions of the sum formula for Kloosterman sums. We observe 
that by (6.13) we have !Ba;2 iia[r]k) = 0{r^'^~^^) as r J, for any 0^2 7^ 0. Hence the 
Jacquet integral Aoji'Bu;2Vi,q{'^,P','i^SL[r]k) converges for Reu > 0: 
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Lemma 6.2. Let a;2 7^ 0, Rei/ > 0. Then we have that 

(6.19) Ao'B^,^i,,M = (-l)^'-Ji^£|±l^^,,(-z.,-p); 

and for wi 7^ 

(6.20) Aoji'Bu;2^i^q{iy,p) = (7r^|a;iW2|)~''(wiW2/|wiW2|)^3L/,p(27rv/wItj^ )j€a;iV';,g(i^,p) 
with 

(6.21) d.A^) = \u/2\^''{u/\u\)-^pj:_^{u)J:+p{u). 

Here J*{x) is the entire function of x which is equal to Jv{x){x/2)~" for a; > 0. 

Proof. Let G H{v,p) with Rei/ > 0. We may take the integral defining A^^'B^.j^ip inside the 
sum for The (m, n)-th term is equal to 

(6.22) a(m,n) / exp(-27riRe (wiZi))5™5J <p(wn[z + zi]g)|2=o (i+^i 

Jc 

= a{m,n) / exp{—2mRe{uJiz))d^d"ip{wn[z]g)d^ 
Jc 

= a{m,n){'KiuJi)™{Tviu>i)"Au^ip{g). 
This and (5.25), (6.12) readily give (6. 19)^(6.20). 

Remark. The operator is due to Goodman and Wallach [12], but for a more general 
context than PSL2(C). Miatello and Wallach use it to express Fourier coefficients of Poincare 
scries in terms of their r-function, which coincides with our 3i^,p if specialized to PSL2(C); see 
Proposition 2.7 in [25]. An extension of [12] is given in [24]. 

7. Lebedev transform 

The Lebedev or the if-Bessel transform 

r°° dr 

(7.1) / f{r)K,{r)- 

Jo ^ 

plays a significant role in the theory of sum formulas for rational Kloostcrman sums. Since 
the function K^, appears in the Fourier expansion of the classical Eisenstein series over H^, it 
appears natural to anticipate that the corresponding function, i.e., Ai^ipi^Ujp), in the Fourier 
expansion of ei^v^p) should work analogously in the present context. We shall show in later 
sections that this is indeed the case. Here we shall carry out some preparatory work. In 
particular we shall prove an extension of the one-sided inversion of the Lebedev transform: 

(7.2) rj{u) = ^ r K,{r)r-' [ v{OK^{r)^sm{7rOd^dr, 

Jo i(0) 

where t] is to satisfy an appropriate regularity and decay condition. 
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Thus, let a; ^ and put 

(7.3) Pi,g{N\G,iv) = {/ e C^{G) : /(ng) = 7A.(n)/(g), of i^-typc (Lq), 

/(a[r]k) = O(ri+'^o) as r i 0, = 0(ri-'^~) as r T ooj, 

where constants ctq, (Toq > may depend on each /. We define an extension Lf^^ of the Lebedev 
transform applied to an / e Pi^q{N\G,u) by 

(Tr\uj\Y(-iw/\(j\)~P r 

(7.4) i:rj{^,p) = r{i + i-^) '- I 1^ I 1^ / f{g)A^^,,,{-i?,p){g)dg, 

^ \\%,q\\K Jn\G 

where dg = r~^drdk for g = a[r]k e N\G. Prom (5.27) it follows that the integral converges 
absolutely for |Rci^| < cro, and that Lf^f{iy,p) is a regular function there. If Re:^ < 0, then 
we have an integral representation for Au;(pi,q{—i',p){g), which being inserted into (7.4) yields 
an absolutely convergent double integral over N\G x N. Hence for —cro < Rez^ < the last 
integral is equal to 

(7.5) / f{g)vi,g{-i',p;wg)dg= / / /(wng)(^i,,(-i/,p;g)dnrfg 
Jg Jn\gJn 



/ •Ao/(g)</'!,g(-Z^,P;g)rfg- 

Jn\g 



We may write 



(7.6) ^o/(na[r]k) = ^ «™(r)$5„,,(k). 

\m\<l 

Then, we find that for — min(cro, (Too) < Re < ctq 

(7.7) ^r,J{'^,P) = ^-^iM'^in-i^/HyiKM^i^ + 1 - / Up{r)r-''-'dr. 

Jo 

Using this relation we shall show that there exists a one-sided inversion of Lf^gi 
Theorem 7.1. Let us assume that the function r] is defined over the set 

(7.8) {{iy,p)eCxZ: \Reiy\<a,\p\<l} 

with a fixed a > I, and satisfies the conditions: 

1. ri{v,p) is holomorphic on a neighbourhood of the strip |Rei/| < a, 

2. r]{u,p) < e-'^l'™'^l/2(l + |Imz/|)-^ for any A>0, 

3. r){v,p) = ri{-v,-p). 
We put 



X •Aa;</5;,g(z^,p)(g)z^^'-^-' sm-Kudv 
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with e(0) = 1 and e{p) = -1 for p ^ 0. Then M^^r/ e Pi^q{N\G,u), and we have 
(7.10) £^,M^,r?(i.,p) = --j^ n (J'' - • ^('^'^')- 

Proof. We shall consider the first assertion. To estimate 'Mf^^r]{na,[r]k) as r t oo, we note that 
the integral formula 

(7-11) K.(u) = ^ )I/ / — -^dx, 

which holds for m > 0, Re^ > — ^, gives, after a multiple use of partial integration, 
(7.12) K^{u) «; e-'^l«l/2((l + |$|)/u)^^«+'= 

for each fixed k > 1, uniformly for |Re^| < ^k, u > 0. This and (5.26)-(5.27) imply that 
MJ^g?7(na[r]k) is of rapid decay with respect to r as r t oo. Next, to treat the case where r | 
we observe that by (7.12) the contour in (7.9) can be shifted to (a) with < a < a. Then 
(3.23), (6.15), and the condition 3 give 



r,{u,p){7r\uj\r 



X r(Z + 1 + u)'B^ipi,g{u,p){g)u'^PUu. 
We may shift the contour (—a) to (a), and have 

(7.14) M^,,(g) = 1 ^ i^j^J^ / ,(.,p)(.|u.|)^ 

X r(/ + 1 + j/)3„</.,,,(j/,p)(g)iv^(f)d!/ 

if 



+ E ^ i^r , ry(0,p)S.y,,(0,p)(g). 



The formulas (6.13)-(6.14) imply that as r J, the first sum on the right is 0(r^+"), and also 

(7.15) n J2 ^'!"J^!''^y v{o,p)'B^^iAo,pM 

i<\p\<i "^p-i"^ 

= 6(77)B^^,,g(l,0)(g) + O(r3), 

where I > 1, and 6(77) = — ttZ . /!r?(0, l)|a;|||$^ Collecting these we have indeed Mf^^r] e 

Pi,g{^\G,^)- We note that the last line in (7.15) is to play a role in Section 9. 
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Consequently we may use (7.7) in computing Lf^^Mf^gr]{i',p). We thus apply to the 
identity (7.14). It is easy to check the absolute convergence that is necessary to exchange the 
order of integration, and by (6.19) we have 

(7.16) AoMr,,i,) = - ^ J u 

\p\<l \\^P,q\\K 



X / rj{-u,p){n\u,\rT{l + l-u) r'-^du. 

J (a) ''^ P 



This and (7.7) yield, via the Mellin inversion. 



(7.17) lil^Ml^ri{v,p) = -27r-^r(/ + 1 + v)T{l + 1 - y)—^—^r,{v,p), 

which ends the proof. 

The above discussion implies in particular that MJ^^r? e L'^{N\G). Related to this we shall 
show a Parseval property of the transform MJ^^: 

Lemma 7.1. Let rj and 6 satisfy the three conditions in the last theorem. Then we have 



(7.18) / Mt^^rj{g)MfJ{g)dg 

Jn\g 



Proof. We replace Mj^^6'(g) by its defining expression. The resulting double integral over 
N\G X iM. is easily seen to be absolutely convergent; and consequently we have 

(7.19) / M^,ry(g)M^,e(g)dg=-i, V / i:^,M^,r?(i.,p)^OAP)z.^(f) siuTrz^di., 
Jn\g ^'^'feAo) 

which gives the assertion. 

Further, we shall show 
Lemma 7.2. For any non-zero u>i, wi, r we define the map 

(7.20) k{uji,W2,t) : r] Xt,^p{2TrT,/ui^)r], 
where 

(7.21) x.AO = - 3.Am 

with 3u,p defined in (6.21). Then we have, for r] as in the last theorem, 

(7.22) A^JrM'^^lr]{iy,p) = |7rT|2M^^K(a;i, W2,T)r?(!/,p). 
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Proof. It is trivial that k(wi, a;2, t)?7 satisfy the three conditions in the last theorem. Hence the 
right side of (7.22) is well-defined. To transform the left side we use (7.14). Formally we have 



(7.23) ^^,4M-^r,(^.,p)(g) = ^|rp ^ I v{^.p){Ar^u;,\r 

X r(/ + 1 + iy)A^,'Br2^^^i,g{u,p){g)u<P'>du 

+m' ^^^^^sR^^(o,p)^.,s...,^,,(o,p)(g), 

i<\p\<i ll^p.?!!^ 

where we have used (6.18). To verify the exchange of the order of integrals implicit in (7.23) we 
need only to invoke (7.15); note that it also allows us to use (6.20) even for Au;l'B^2^^^^p^^g[0,p), 
p^O. Thus we have, by (6.20), 

(7.24) A^JrM-l7ji,y,p){g) = ^\r\' ^ ^''HZ^^T^' [ 

\p\<l " P,Q"^ J{<^) 
X r(Z + 1 + v)?l^^p{2TlTy/^:j^)A^^^l^q{v,p){g)v<PUv 

We shift the contour (a) of one half of the last integral to (—a); then the last sum disappears. 
To the integrand over (—a) we apply the functional equation (5.29). After a rearrangement we 
get (7.22). 

Remark. This section is a detailed work-out of the last chapter of [41] in the case of PSL2(C). 
It is in fact the harmonic analysis of the space of A''-equivariant functions. The Lf^ could be 
called a Whittaker transform, but we regard it rather as an extension of the Lebedev transform, 
paying respect to its origin. For (7.1)-(7.2) see Section 2.6 of [30]. For an interpretation of 'X.v,p 
see Section 15. 

8. The space L^{r\G) 

In the next section we shall treat inner-products of certain Poincare series, especially their 
spectral decompositions. Here we shall briefly develop the relevant spectral theory of the space 
L'^{r\G) composed of all left F-automorphic functions on G which are square integrablc over 
r\G with respect to the measure induced by dg. To this end we shall employ the unitary 
representation of G realized over L^{r\G) via right translations by elements of G. We shall 
sec that automorphic forms on G, especially the basis elements for the Parseval formula over 
L'^{r\G), do not occur singly but are parametrized through maps of the model space H{v,p) 
and live in right-irreducible subspaces of L'^{r\G) sharing Fourier coeflicients, as is indicated 
at the end of Section 5. This point of view will be essential in describing the sum formula for 

We first observe that the constant function and all cusp-forms over G belong to L'^{r\G), 
because of (3.8)-(3.10) and (4.25). We have 

(8.1) L'^{r\G) = c e °i^(r\G) e ^L'^ir\G). 
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Here ^L^{r\G) is the subspace spanned by all cusp-forms, and called the cuspidal subspace; 
the subspace '^L'^{r\G) is the orthogonal complement. The space ^L'^(r\G) is G-invariant, and 
we have a decomposition 



(8.2) °L'^{r\G) = ^V 

into countably many subspaces V irreducible with respect to the action of G. Each V has a 
dense subspace that is a common eigenspace of the Casimir elements, and Lemma 4.1 implies 
that we should have 

(8.3) ^^±k = X.v,Pv(^^±)•l• 

It is known that for the group F all V are of unitary principal series type, and we can suppose 
that 

(8.4) fvez[0,oo). 
Moreover, there exists a linear isomorphism 

(8.5) Tv : H{uv,pv) ^ V, 

which has a dense image and commutes with the action of g. This has the following immediate 
consequences: We have the decomposition 



(8.6) V= Vi,g = CTv^i,g{i^v,Pv), 

\pv\<l,\q\<l 

where Vi^g is the subspace spanned by all cusp-forms of K-type {I, q) in V; that is, dim V;,g = 1. 
Besides, the unitary structure of H{vv,Pv) mentioned at the end of Section 3 is transferred by 
Tv into (8.6), and we have 

(8.7) \\TvViA^v,Pv)\\r\G = W-^^^Jk 

with the norm || • || r\G corresponding to (8.9). By (5.35) we have the Fourier expansion 

(8.8) Tvipi,q{vv,Pv) = ^^cv{uj)A^(fi^q{yv,pv)- 

The Fourier coefficients cy(a;) depends only on V and iv. This is because both Ty and A,^ 
commute with the action of g. The vector {cv{u))} is fixed by V up-to an arbitrary multiplier 
of unit absolute value. 

We now restrict the decomposition (8.1) to the subspace L'^{r\G)i^q spanned by all square- 
integrable left 7^-automorphic functions of i^-type (/,<?). Then the cuspidal part is well described 
by the above assertions. What remains is the non-cuspidal part, and it is rendered in terms of 
Eisenstein series of ii'-type (Z, g), as is embodied in the fundamental 
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Theorem 8.1. Let /i, /2 S L'^{r\G)i^q, and denote their inner-product by 

(8.9) (/i,/2)r\G= / Mg)Mdg. 

Jr\G 

Then we have the Parseval identity 

(8.10) {fuf2)r\G = ko^^{fi,l)r\G{hh)r\G 



+ ^ W^i^ ||2 {h,Tv^i,q{vv,Pv))r\G{TvVi,q{i^v,Pv)j2)r\G 



where the convergence is absolute throughout. Here V runs over a complete orthogonal system 
of right- irreducible cuspidal subspaces of L'^{r\G) that intersect the space L'^{r\G)i^q non- 
trivially. Also 

(8.11) Ei^q[v,p;fj\= I fjig)ei,q{-P,p;g)dg 

Jr\G 

in the sense of norm convergence. 

Proof. This is a special case of a general result due to Langlands [23] (see also [13]). We stress, 
however, that our particular assertion could be established in a direct way. 

Next, we shall take into consideration the action of Hecke operators: We define the Hecke 
operator labeled with n GZ[i] by 

(8.12) T„:V(g)^^^ H^[b/dMV^/d]g), 

d\n b mod d 

where ip is to be left T-automorphic; the choice of the square root is irrelevant, litp £ '^A.i^q{xv,p), 
then we have, from (5.8) and (5.35), 

(8.13) T„V=^^|^^c(c.) J2 \dr{d/\d\)-'^A^„/a2Vi,q{i.,p). 

The commutativity of the algebra and the metric property of each 7^ in L'^{r\G) are 

analogous to the rational case. Since the right side of (8.12) commutes with the right translation 
by elements of G, we may assume that every V in (8.2) is an eigenspace of 7^ for all n with the 
eigenvalue tv{n) G M. The Weil bound 

(8.14) 6'F(a;i,a;2;c) < \{u)-i,u)2,c)\\c\ao{c,0) 
yields the estimate 

(8.15) tv{n) < |n|i/2+^ 
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for any fixed £ > 0, where the impHcit constant depends only on e\ see Corollary 10.1 below. 
The equation (8.13) implies that in (8.8) 

(8.16) tv{n)cv{uj) = ^\nr{n/\n\)-P^ ^ \d\-^''^ {d/\d\fP'' cv{^n/ d?). 

d\{u}^n) 

In particular we have, for all n € Z[i], 

(8.17) cv{n) = cy(l)|n|-^^(n/|n|)f^iy(n), 
where we have used (5.37). This and (8.16) give 

(8.18) tv{m)tv{n) = ^ X] tv{mn/d'^). 

d|(m,n) 

We have 

(8.19) ty(l) = l, tv{-n) =tv{n), tv{in) = evtv{n) 

with ey = ±1- 
Further, let 



5.20) Hv{s)^lY.*y( 



^ , .n)\n\ 

n#0 



be the Hecke series associated with the irreducible subspace V under the convention (8.17); 
note that when = —1 this vanishes identically. The identity (8.18) implies that in the region 
of absolute convergence 



5.21) Hvisi)Hvis2) = icF(si+S2)Xa,,_,,(n)V(n)| 



nl 



n#0 

Properties of Hv{s) as a function of s can be read from 
Lemma 8.1. Let b gZ, and put 

(8.22) Hy{s, b) = ^Yl tv{n){n/\n\)''\n\-^\ 

Take 6 € 2Z and = ey to have a non-trivial sum. Then Hv{s,b) is entire in s and satisfies 
the functional equation 

(8.23) n^-^'T{s + i(|py + b\+ uv))T{s + l{\pv - b\ - vv))Hv{s, b) 

= (_l)ma^(|6|,|pv|)^2s-lp^^ _ ^ ^ 1 (|^^ _ ^| ^ 

X r(l - s + U\pv + b\- uv))Hv{l - s, -b). 
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Proof. We consider the integral 



(8.24) Yv{s,b;k) 

= / \u\^'-^iu/\u\)-^''Tv'p{h[u]k)d''u 

J\u\>l ^ ' 

where ip = '^i^iiyv iVv) with / = max(|6|, |py |), and w is as in (5.2). Obviously lV(s,6;k) is 
entire in s, and IV (1 — s, —6; wk) = iV(s, 6; k). In view of (5.8), (8.8), and (8.17), we have, for 
Re s sufficiently large, 

(8.25) Yv{s,b;k) = 4cv{l)Hv{s,b) [ \u\'^'-^{u/\u\)-'^''Aiip{h[u]k)d''u. 
By (5.26)-(5.27) this integral is equal to 

POO 

(8.26) 2(-l)'-P^i^-P^7ri+''^$'_b((k) / r^'-^ai^iiyy ,Pv;r)dr 

Jo 

=2 ^ r(; + l + ^) C(-^0)$Lb/k) r'^+^-'K,+^_\,,_^{2nr)dr. 

On noting that $L,(wk) = (-l)'+''$L5.,(k), wc obtain (8.23). 

Remark. For the spectral theory of automorphic forms on semisimple Lie groups see, e.g., [13]. 
The assertion (8.4) depends on the absence of exceptional eigenvalues for the non-Euclidean 
Laplacian over r'\]HI^ (see Proposition 6.2 in Chapter 7 of [10]). That suffices, as the comple- 
mentary series occurs only for p = 0. The bound (8.14) is a special case of Theorem 10 of [2], 
which applies to all number fields. It should be stressed that for our purpose it is enough to 
have any non-trivial exponent in place of 1 -|- e, which is best possible. In the proof of the last 
lemma we followed [18]; see the proof of Theorem 6.4 there. 

As to (8.2) it may be worth mentioning the following multiplicity one result: For given 
±{i',p) e iM X Z and {t{n) £ C : n G Z[i], n ^ 0}, there is at most one irreducible subspace V 
of ^L'^{r\G) with {vvtPv) = ±(z^,p)) and tv{n) = t{ri) for all n. Indeed, the Fourier expansion 
(5.35) and (8.17) show that an automorphic form of a given if -type is determined by {vtP) and 
the t{n) up to a scalar factor. This shows that the decomposition (8.2) is unique if we impose 
the condition that the spaces V are invariant under all Hecke operators. 

9. Preliminary sum formula 

We now enter into the discussion of the sum formula for Kloosterman sums S-p. The formula 
will be derived via spectral and geometric computations of an inner-product of two particular 
Poincare series. This is analogous to the rational case. However, the choice of these series gives 
rise to a discussion. A possible way to take is to use an explicit function as a seed to generate 
the Poincare series, which extends Selberg's argument for the rational case. This works well if 
we restrict ourselves to the if-trivial case, but it does not seem to extend easily to the if- non- 
trivial situation. On the other hand, a method that Miatello-Wallach [25], [26] developed for 
a far more general situation offers us a flexible way to choose the seed function. Here we shall 
follow their argument, adopting it to our present specifications. 
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Thus we shall employ MJ^^tj to generate a Poincare series, where r] is to satisfy the three 
conditions given in Theorem 7.1. We notice immediately that (7.15) causes, in general, a conver- 
gence problem. This reminds us a similar situation that Hecke encountered in his investigation 
of holomorphic modular forms of weight 2. He used analytic continuation to overcome the 
difficulty. In much the same spirit we shall consider, in view of the last line of (7.15), the sum 

(9.1) [^a,]^(,«(l^,p)(g) = ^ Yl ^u>^lA'',P)il&) 

with non-zero cu G Z[i], though we actually need only the case p = 0. By (5.30) and (6.13) we 
see that the sum converges absolutely, for Re > 1, to a left r'-automorphic function of K-type 
{l,q) with character Xv,p- The combination of (5.5)-(5.7) and (6.18)-(6.21) yields that 

(9.2) [B,]^(,g(i.,p)(g) = i(a3„ + (-l)fS_^)^,,,(j.,p)(g) 

sinTr:^ r{l + l-iy) cr_^(w,p/2) 

+ - p. r(^ + 1 + .) Cp(i + .,p/2) ^''^^-'^' -^^fe^ 

where the second line appears only when p G 2Z; and 

(9.3) J.A-,J) = (^^j g^5p(a;,a;';c)a.„ i^-V^. 

The bound (8.14) implies that for Re;^ > i the function Ji,,p{w^w') is regular and of polynomial 
order in uj, lo' . Thus [BiJ\^piAv,p){g) is regular for Rei^ > |, and analytically continues to a 
left r'-automorphic function of ii'-type {I, q) with character Xv,p- It is, however, of exponential 
growth with respect to r, g = na[r]k; and thus it does not belong to L'^{r\G). We then appeal 
to a common practice: we attach a factor p(7g) to each summand of (9.1). Here p(g) = p{r) 
with an abuse of notation, and p{r) is smooth, being equal to 1 for r < ro and to for r > tq + I 
with ro > 2. If r > 1 then this affects actually only two terms in (9.1), which correspond to the 
cosets represented by 7 = 1 and h[i]. We thus have, instead of (9.1)-(9.2), that 

(9-4) [p'S>u,]m,q{v,p){g) = ]: V p{lg)'S:.^iA^,p){lg) 



2 ^ 

7erjv\r 



for Rei/ > 1, and that if r > 1, Re > ^, 



(9.5) [p'BJ\^iAv,p){g) = [S„]<^i,,(i/,p)(g) 

1 
2 



+ -(p(r) - 1)(3„ + {-ir'B.^)^i,,{,.,p){g). 



Note that as r t 00 

(9.6) [pS<,]<^i,,(i/,p)(g)«r^-i^'''' 
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uniformly for Hjev > | . 

Returning to (7.14)-(7.15) we define M"'*r) by 

(9.7) Ml^r, = M^g*?7 + b{r,)p^^ipi,g{l, 0), 
and [Mfjri by 

(9.8) [Mfjrj = [MI';]tj + 6(77)[pS^]<^;,,(l, 0), 
where 

(9.9) mr::^v = l E K^(^g)- 

■yerN\r 

By the construction we have that M^^* 77(g) <C r^"*"^ with an e > as r J, 0, and <C r~"^ for any 
^ > as r t 00. Thus [Ml'*]'n{g) «: r"^ as r t 00. This and (9.6) give 

(9.10) iWMs) « 1- 

Now, let 77, 6 satisfy the three conditions given in Theorem 7.1, and let us consider the inner- 
product ([M^J]r/, [M^^]6')/^\G with lui,lo2 G ujilu2 ^ 0. Wc are going to apply Theorem 8.1 
to it. To this end we note first that the above discussion implies 

(9.11) {[MfjTi, f)r\G = mt;]v, f)r\G + h{rj) Jm ^([pS„]<^(,,(i., 0), f)r\G 

for any left T-automorphic / which is integrable over r\G. In this we have, by the unfolding 
argument, 

(9.12) mi';]v, f)r\G = \l K::v{g)Fj{i)dg, 

mu.M'', 0)J)r\G = \ I p{g)'S,^ipi,g{v, 0)(g)^WXi)dg. 

^ Jn\g 

Thus, assuming that 

(9.13) lim / p{g)'B^^i^,{v,Q){g)Fj<^dg 

= / p(g)S„^,,g(l,0)(g)J^J(i)dg, 
Jn\g 

we have 

(9.14) mt,]riJ)r\G = \ I Mf^^vig)FlJig}dg. 

^ Jn\g 

The functions Tv^i^qi^v tPv) and e/^,(i^,p) with Re;^ = are integrable over r\G and satisfy 
(9.13). Hence wc have, on noting (7.4), (8.8), and (8.17), 

(9.15) mi^HTv^Uvv,Pv))r\G 

= ^(-^r^^-'^"Mi)^v(^) r|i'^7^'^^) ^^,M^,^(^v.Pv) 

= {-tfvT,-Vcv{l)tv{u;m'^,jKT{l + 1 + uv f' 2 ^'''T' v{i^v,Pv) 

Pv ~ 
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by virtue of Theorem 7.1 or rather (7.17). Similarly we have, from (5.32), 

(9.16) E,,[.,v; [MlM H-i)./^ (-l-l)->/Mr_M^.-^/^ 

X W^jKm + 1 + v) r,{v,p) 

for Rci^ = 0, p G 2Z. Further, we have obviously ([MJ^^]?;, l)r\G = 0. 
Collecting these we get, by Theorem 8.1, 

(9.17) mt^^\ri, [^Z\^)r\G = \cv{l)\hv{uJx)tv{^2)\i{yv,Pv)r]{i^v,Pv)0{yv,Pv) 

V 

(wi^'2/V'i^'2|)^ f cr„{jji.-p/2)a„{^'2,-p/2) 



bl<' 

pG2Z 



27^^ i(o) a;ia;2r Cf(1 + !^,p/2)P 



where V n L'^{r\G\q ^ {0}, and 

(9.18) A((!/,p) = r(^ + i + z/)r(; + i-z/) 



p2 _ p2 



Next, we move to the geometric computation of the inner-product. To this end we make a 
trivial observation that 

(9.19) F^, [M-^]^ = F^, [M^-*]^ + h{e) Jm^^L, [p®a,J<^i,«(i^, 0). 
Here we have, by (5.6), 

(9.20) F^, [M^^'*]e = \ (5a,„a,.M^^'*e + 5^,,-^JMt:,*9) 

+ J ^ 5F(a;i, a;2; c)^a,.4/cM^r^ 

as well as 

(9.21) F^^ [p'Bu;^]ipi,g{l/, 0) = ^ ((5a;i,a.2P^a>2W,g(i^, 0) + Su,„-u^Jip'Bu,^ipi,q{iy, 0)) 



7 -^F (wi , a;2 ; c)^a;i^i/cP'Bw2 y'i.g 0) . 



4 



We have, by definition, 

(9.22) Au.Ji/cP'B^,(pi,g{iy,0){g) 

= (c/|c|)2f|c|-2(i+-) / ^,,(n)-V(h[l/c]wng)S„,/,.^,,,(z.,0)(wng)dn. 
Jn 

In view of (5.9) this integral is bounded by a constant multiple of 

(9.23) / \'B^^/em,gM{Mz]g)\d+z, 

Jn* 
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where N* = {z : r < 2ro|cf (r^ + kl )} with g = a[r]k. By Lemma 6.1 we have, for z e iV*, 

(\ l+Re u 

whc;ic' the implicit constant depends on v, u)2 but neither on c nor on r. In this way we get the 

estimate 



-4-2Rei' 



(9.25) A^Ji/^p'B^,ipi,g{i^, 0)(g) < r\c\ 

uniformly for r > 0, Rci^ > 0, and Z[?'] 3 c 7^ 0. This means that we may take the limit of 
(9.19) inside the sum of (9.21). Then, by virtue of Lemma 7.2, we have 

(9.26) F^, [M^^]e = i {5^,,^,M119 + <5„„-.,^iM^^e) 

+ T E n^^F('^i''^2;c)M^J«(u;i,a;2, 1/c)^. 

The formulas (7.22) and (7.24) with appropriate changes of notation imply that 
(9-27) $:^|5F(a;i,a;2;c)||MXa;i,u;2,l/c)(^(^,p)(a[r]k)|«|^^ ^ | ^' 

where A > is arbitrary. Thus F^^ P^'ilW satisfies the condition (9.13) with ui = wi, and (9.14) 

gives 

(9.28) ([M-^]r?, [M-^]^)r\G = ^ / M-J,?(g)F„jM-^]e(g) dg. 

■i Jn\g 

Moreover, we may insert (9.26) into this and perform the integration inside the infinite sum, 
getting 

(9.29) ([M^^Jry, [M?;^]0)r\G = J(<5.„... + S^,,-^,) [ M^^r;(g)M^^0(g) dg 

4 Jn\g 

2 1 r 
+ tEu¥^f('^1'^2;c) / M^j7?(g)M^J/c(a;i,a;2,l/c)^(g)dg. 

Invoking Lemma 7.1, we have, from (9.12) and (9.29), 
Lemma 9.1. Let rj, 9 satisfy the three conditions given in Theorem 7.1. Then we have, for 
any non-zero lo\,W2 € 

(9.30) ^ \cv{l)\^tv{uji)tv{i^2)h{vv ,Pv)-n{i'v ,Pv)9(yv ,Pv) 

V 

^ 1 / y [ cr^(a)i, -p/2)cr„(w2, -p/2) — r- 



47r3i , , 

|p|<'' 



V / \i{v,p)ri{v,p)e{v,p){j)'^ - v'^)dv 



+ E^4^Tf^E / 3C.,,f^v^)AK^,p)r?(^,p)^(p^-^^)d^, 
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where VOL'^ 



{r\G)t,,^{o}. 



Remark. For the idea of Hecke see Section 2.2 of [30]. The inner product of two Poincare 
series is the basis of almost all proofs of the sum formula. In Kuznctsov's original proof in [22], 
the seed function is explicit; and the same is in [32], where the iiT-trivial case is treated. A more 
general class of seed functions is used in [1] for PSL2(M), and in [26] for the ii'-trivial case on 
Lie groups of real rank one. Our discussion in this section is different from that of Miatello and 
Wallach [26] in that we positively exploit the arithmetical situation. Any non-trivial estimate 
of Kloosterman sums suffices for the continuation of ['B^^](pi^q{i',p) to a neighbourhood ofv = 1, 
as has been indicated already. In the general situation considered by Miatello and Wallach 
a spectral decomposition is needed for analytic continuation. It gives in fact a meromorphic 
continuation to C. In this respect our argument is specific. 

It seems possible that the Poincare series ['Bi^](fi^q{u,p) is relevant to the automorphic 
resolvent of n±. In fact, the formula (9.2) reminds us a similar result for PSL2(1R), which is 
related to the Fourier expansion of the automorphic resolvent for the Casimir operator f2 (see 
[11]). We hope to return to this point elsewhere. 

10. Sum formula. I 

Based on the above discussion, we shall establish the first version of our sum formula, in 
which a given bilinear sum of Hecke eigenvalues, or equivalently Fourier coefficients, of cuspidal 
irreducible subspaces of L^{r\G) is expressed in terms of the arithmetic sums Sp ■ 

Theorem 10.1. (Spectral— Kloosterman sum formula) Let h{v,p) be a function defined 
on a s et{iyeC : \Reiy\ < ^+a} xZ for some small a > 0, satisfying the following conditions: 



1. h{v,p) = h{-u,-p), 

2. h(y,p) is regular, 

3. h{v,p) < (1 + \v\ + \p\)~^~^ with a small 6 > 0. 
Then we have, for any non-zero lui,lu2 G Z[i], 

(10.1) Yl \cv{l)\''tv{uJi)tv{oJ2)h{i^v,Pv) 



Here V runs over all Hecke invariant right-irreducible cuspidal subspaces of {r\G) together 
with the specifications in Section 8; and 



with 'Xv,p as in (7.21). Convergence of these expressions is absolute throughout. 



V 





(10.2) 
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Proof. We denote the left and right sides of (10.1) by L^^^i^^h and R^j-^^^oj^h, respectively. We may 

regard L^^_^.^, Ri^i.u2 linear functionals on the space of functions defined on iMxZ. The eigen- 
values of Hecke operators tv{^) are real, and so are the quantities {uj /\uj\)^ (Tv{uj, —p/2)\uj\~'^ . 
Thus La;,a; is positive definite for any non-zero w e We put 

(10.3) ri,{v,p) = (1 - 1.2)2(4 _ ^2^-2(4 _ ^2 ^ /)-2-V2. 

In (9.30) we may set r}{v,p) = Xi{i',p)~^r]o{i',p)e^^^ , and 6{v,p) = e^^^ with 5 > 0. Thus we 
have 

where ri\{v,p) — T]Q{v,p)e'^^'^^ , if \p\ < I, and = otherwise. Using this we are going to show 
that 

(10.5) lim lim Lt^i,t^2?7^ = L^i,„2?7o. 

(— »cx> 5— »0+ 

1/2 

Since |La>i,w2'75l < (-^wi,a)i??5 • -^W2,<^2^d) I and rig is increasing on x Z as 5 J, 0, Z t oo, it is 
obviously sufficient to show that L^,^r]\ is uniformly bounded for Z > 0, 5 > 0. To this end we 
shall prove that uniformly for Z > 0, 5 > 



(10.6) Bj7^(u) «; |u| 



l+e 



as |w| J. 0. Here e > is small and may depend on h. Then, by the bound (8.14), one may 
confirm our claim by showing that limj^oo lim5^o+ Roj,oj'n\ = ■Rw.w'yo- 
By definition we have 

(10.7) 

= E ^ / 3C..p(u)77o(i^,p)e'*"''(p' - y^)dv 
\pi<i 

^ 4m J smTTf 477 



\p\<i \p\<i 



where ^ < a <1. Since we have 



(10.8) doAn) = {-mJ\p\iu)\' « (|«|/2)2|^I/(H!)^ 

the last sum of (10.7) is negligible compared with (10.6). Also, we have, as |u| i 0, Kev = a, 

3>^.p(") L,i2a |r(H-^^)| 



(10.9) ^^^^ « \u\ 



sinTTi. |r(|p| + 1 + 1^)1 



,2„ |r(-^)l '^r'b'-H 



11 U 4- 7/ 



|(|p| + :.)r(^)| jj-^ + H IN + HH'"" 



Inserting this into (10.7) we indeed get (10.6). 
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Next, we put 

(10.10) hs{.,p) = -ie^'^'f- I ^e^«-^)^de 

We repeat the above discussion with 9 = hg and the same ij. We have first iwi, 012/5 ~ -^wi ,012/5) 
where fl^i^iP) = r}o{u,p)hs{v,p)e^" for |p| < I, and = otherwise. Then we note that fl{y-,p) <^ 
Vo{v,p) uniformly for 5 > 0, Z > 0, and that ^ /i on iM x Z as 5 i 0, Z T 00. Thus, by (10.5), 
we get 

(10.11) lim lim La^i, 0:2/5 = iwi,a;2 

(— »cx) 0— >0+ 

Corresponding to (10.6) we have to estimate B/j(u). In (10.7) we replace rjg by /j and set 
a = i + a with a > given in the condition 2 above. Accordingly, we shift the contour in 
(10.10) to (a), and sec that /j(i^,p) <C \rjo{i',p)\ uniformly ior I > 0, S > with Rei^ = a and 
arbitrary integer p. Hence we have the counterpart of (10.6) for /j. This gives 

(10.12) lim lim R^^^^^fg = R^^^^^h, 

(— >cx) 0— »0+ 

which ends the proof. 

As the first application of the sum formula (10.1) we shall prove 

Corollary 10.1. There exist infinitely many V's, and we have, uniformly for N, P > 1 and 
non-zero u 

(10.13) J2 \cv{l)\^tv{cof « {NP + \u\^+'){N^ + 

\uv\<N,\pv\<P 

with any fixed e > 0. In particular, we have the bound (8.15). 

Proof. The deduction of the last assertion from (10.13) is analogous to the case of PSL2(Z); see 
the proof of Lemma 3.3 of [30]. To prove the first and the second assertions we put in (10.1) 
ui =co2 = CO and 

(10.14) h{i^,p) = h{v,p; N, P) = exp((i^/7V)2 - {p/Pf ). 

We note that Cf(1 + v,p) ^ log^"'^(|i^| + \p\ + 2) for Rci^ = 0, with the implied constant 
being absolute. This can be proved as in Sections 3.10-3.11 of [36]. The necessary uniform 
upper bound for Cf{s,p) in the critical strip follows from the functional equation (5.34) and the 
convexity argument of Phragmen and Lindelof. Thus we have 

(10.15) Yl \cvil)ftv{tofh{uv,Pv; N, P) + 0{NPao{ujf log\NP + 2)) 

V 

We are going to show 

(10.16) Bh{2'KUj/c) «: min(l, \lj/c\'^){N^ + P^). 
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This and the bound (8.14) give (10.13), as well as an asymptotic formula for the first sum in 
(10.15), which gives the first assertion. 
By (12.1) below we have 



(10.17) Bh{2nu;/c) = ^ C,/,(y; TV, P) exp(-(iVlogy)2)^, 
where 

(10.18) C^/,{y;N,P) =^^(-1)^ ((p/Ar)^ - {Nlogyf + i) 

X J2p {2Tr\Lu/c\\x\)exp{-{p/Pf + 2pi^P) 

with X = \x\e'^^ = ye^^ + {ye^'^)~^, i? = arg(a;/c). Using an integral representation for J2p we 
have also 

(10.19) C^/c{y; N,P) = ^ f exp(27ri|w/c||a;| cos(^ + V)) 

X ^((p/iV)2 - (Nlogyf + i) exp(-(p/P)2 - 2pi0)de 

exp(27ri|a;/c||a;| cos(^ + tp)) 



2v^ 

X J2 Umfik - iP{Q + <l^)f) - {Nlogyf + i) exp(-(P(0 + q7:)f)de, 

where the last line is due to Poisson's sum formula. This gives 

(10.20) C^,M N, P) « {P/Nf + {N log yf + 1 

uniformly for all parameters involved. Now, the case \lo / c\ > 1 is settled by inserting (10.20) 
into (10.17). If \io/c\ < 1 then we divide the integral in (10.17) at t/ = i^/|c/a7|. For the 
infinite integral thus obtained we use again (10.20), and see that the contribution is negligible 
compared with (10.16). To estimate the remaining part we use (10.18) together with J2p{a) = 
(1 + 0(a2))(a/2)2p/(2p)! for small a > 0. We have, for 1 < ?/ < ^/\c/lJ\, 

(10.21) C^/,iy; N, P) = -(^logy)^ + \ + {\uj / c\^x\{N logyf + 1)) . 

The contribution of this error term to (10.17) is <^ \ujIc\^N'^. As to the main term, we note 
that 

(10.22) r {-{Nlogyf + \) exp{- {Nlogyf)^ = 0. 

Ji y 

Thus the relevant contribution to (10.17) is easily seen to be negligible. This ends the proof. 

Remark. The class of test functions in Theorem 10.1 is as large as possible. The strip on 
which the test functions are required to be defined is narrow, due to the Weil bound (8.14) (cf. 
(3.6.24) of [30]). The use of general seed functions in Lemma 9.1 leads to an extension step 
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with a functional analytic flavour. The proof is similar to those in [1] (for PSL2(M)), and [3] 

(for PSL2 over the product of the archimedcan completions of a number field). The proof in 
[32] for the if-trivial case is an extension of Kuznetsov's original treatment [22] of the rational 
case. 

The corollary is a counterpart of Kuznetsov's estimate for the spectral mean square of 
the Fourier coefficients of Maass forms over the modular group; see Lemma 2.4 of [30]. In 
Lemma 11 of [32] the iiT-trivial case of the corollary is given. The bound (10.13) is essentially 
the best possible. We could prove an asymptotic result in which the main term is a constant 
multiple of NP{N'^ + P'^). Note that the proof of the corollary requires the rather deep integral 
representation of X„^p in Theorem 12.1, whereas the series expansion defining 3iy,p suffices for 
the theorem. One may also consider the spectral large sieve estimate for 

(10.23) Yl \cv{ir\Ya{aj)tv{uj)\' 

Wv\<N,\pv\<P i^T^O 

with an arbitrary finite vector {a{uj)}. To this we shall return elsewhere, entailing a fuller 
treatment of the corollary. For the rational case see [16] and Section 3.5 of [30]. 

Generalization of the spectral sum formula and the bound (10.13) to other imaginary 
quadratic number fields and congruence subgroups seems possible, as long as we have a coun- 
terpart of (8.14). Without such a bound, one has to be content with test functions which are 
holomorphic for |Rci^| < 1 + a with an a > 0, and have prescribed zeros at v = ±1 for most 
values of p (see (9.18) and Lemma 9.1). In contrast to what we have seen in the above there 
might be, in general, irreducible subspaces V of complementary series type as well, correspond- 
ing to exceptional eigenvalues. We note also that the assumption that the spaces V are Hecke 
invariant is not essential for the sum formula; that is, the sums over V in (10.1) and (13.1) 
could be formulated in terms of Fourier coefficients in place of Hecke eigenvalues. 

11. A Bessel inversion 

The aim of this section is to demonstrate a one-sided inversion of the transform B defined by 
(10.2). Results of the present and the next sections will play basic roles in the proof of the 
second version of our sum formula for Sp, which is to be developed in Section 13. 
Theorem 11.1. We put 

(11.1) K/(i/,p) = / X^,p{u)f{u)d''u. 

Then, for any f that is even, smooth and compactly supported onC^ , we have 

(11.2) 27rBK/ = /. 
Proof. We shall prove, instead, the Parseval identity 

(11.3) / f{u)giu)d^u = Y,j^ f Kf{u,p)Kg{v,p){p''-v^)du, 

Jc- 4z 7(0) 

where /, g are to satisfy the condition given in the theorem. This implies (11.2), since a simple 
manipulation shows that the right side is equal to 

(11.4) / BK/(u) • g{u)d''u. 
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Here the necessary absolute convergence follows from the estimate 

(11.5) K/(i.,p)« (1 + IH + bl)-^, 

where A > is arbitrary, and the implied constant depends on Rez^, A, and the support of /. 
To show this we put 

(11.6) J/(z^,p)= / /(«)a.,p(«)dV 
so that 

(11.7) K/(i.,p) = {3f{-u, -p) - 3fiu,p)} . 

smTTf 

By definition we have 

^ (-l)"^+"2-2(-+"^+")M/(i/ + m + n,p-m + n) 

(11.8) JfM=2n ^ , 

m,n>0 ^ / v J / 

where 

fOO -1 /'27r 

(11.9) Mf{u,p)=J^ fj,{ry^-Hr, fj,{r) = — f{re'')e-^^''d6. 
A multiple application of partial integration gives, for any integers A, B >Q, 



(11-10) ^^(^)«(rq^' ^^('^'^) « (TTT.!)- 



T{2v) 



T{2v + B) 



2\Rev\+A+B 



where the constant r/ depends on the compact support of /, and the impUed constants only 
on A, B and /. Collecting these, we get (11.5). Thus we see also that the right side of (11.3) 
is equal to 



1 

(11.11) 1™ E 7^ / K/(i.,p)Kff(j/,p)(/-i.2)dj. 



\p\<p 



7 I 

J\u\<\v\ J\u\>\v\\ 



= ^lim^<j / +/ ) f{u)g{v)Rp,T{u,v)d''ud''v, 



where P = P{T) e Z is to be chosen later, and 

riT 



(11.12) ijp_^(„,„) = ^ 1 r X^^p{u)X^^p{v)ip'' - u^)du. 



\P\<P 



We shall consider the case \u\ < \v\. We indent the contour [— iT, iT] with the right half 
of a small circle centered at = 0. Denoting the new contour by Lt, we have, by (11-7), 

(11.13) Rp,t{u,v)= V / - / \ 3uAu)X.A^)^^—^du, 
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where Lj. = {v : —v G Lt}- This implies that 

r 2 2 

(11.14) Rp^t{u,v)= V / 3,^p{u)X,^p{v)K^du 



\p\<P 0<g<P 

where ao = 1, = 2 for g > 0, and Cp^t is the oriented polygonal line connecting the points 
—iT, -P + I — iT, P + i + iT, iT in this order. This double sum vanishes, because of the 
identities, for any p,q G Z, 

(11.15) 3g,p = {~^y'^'^3p,q = (~l)^~'''^3|p|,gsign(p)) -^qtP ~ •^[p[,q sign{p) ■ 

In fact, the first identity is trivial, and the second follows from the expression 

(11.16) ^q,pH = {Yg-p(u) Jp+g(u) + Jp-g{u)Yp + g{u)} . 

TT 

Here Y„ with n e Z is the Hankel function, which satisfies Y„ = (— 1)"'Y_„ (see p. 59 of [42]). 
Hence we have 



(11.17) Rp,t{u,v) = l du,p{'^)X.,p{'" f - "^ dv 

= E 9 / [3<^,p{'^)d-u-p{v) - d^,p{u)d^,p{v)] ^.^^.2 ^^ 



\p\<p 

= Rpj,{u,v) — Rpj,{u,v), 

say, in an obvious mode of division. 
Now we have trivially 

(11.18) / f{u)g{v)R$,r{u,v)d''ud''v= j {nr2)-^Q$^T{ri,r2;f,g)dndr2, 
where 

(11.19) QpT{n,r2;f,g)= / f{ne'^')g{r2e'^')R^T{rie'^',r2e'^')d6ide2. 

' Jo Jo ' 

The series expansion of 3v,p implies that 

p2 _ ^2 ^ „ 21. / „.\ -2P / „, \ 2p 



(11.20) 3uAu)3-u,-p{->^)-r. — ^ = -7r"' 

(smTTZ/)^ 



U \ IV 

\u\ 



(-l)fc+'+rn+n(^/2)=^fe(a/2)2'(f/2)2"'(^;/2)2" 
^ k\l\m\n\X(i>,p;k,l,m,n) ' 

k,l,m,n>0 
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where A(!/,p; k,l,m,n) = {i/ - p + l)fe(z/ + p + + p + l)m{-'^ - P + l)n with {a)k as in 

(5.19). Thus we have 

(11.21) Q-,^Arur.,f,,)=^ ^ fel/lL ^ 

|p|<P k,l,m,n>0 

X /p-fe+i (ri )5_p_m+„ (r2 )Sp j.{ri/r2,p;k,l,m,n), 
where Qq is analogous to and 

(11.22) Spr^{p,p;k,l,m,n) = -2i ^ -du. 

Similarly we have 

(11.23) OMn.^./.»)=E E (-i)'---(n/2)-^;"(V2)-<-^-' 

|p|<P fe,i,m,n>0 



X fp-k+i{ri)gp-m+n{r2)S^ j.{rir2,p; k, I, m, n), 



where 



(11.24) S+Ap,p;k,l,m,n) = 27r\ [ ^I'lf'iS^ ^i^U 

1 



T{iy — p + m + l)T{iy + p + n + 1) 



dv. 



Assuming that 2P < T, we shall estimate ^ (^i , r2 ; /, 5) ; implicit constants may depend 
only on the parameter A and the supports of / and g. To this end we stress that the first 
estimate in (11.10) implies readily that for any A> 

k,l,m,n>0 

Arguing as in (10.9) we see that the integrand in (11.24) is 0{{p/4f^'"'\T{-u)/T{u)\^). Hence 
we get immediately 

(11-26) Q^,T(n,r-2;/,5) « 1^ + 

where the terms on the right come from the horizontal and the vertical parts of Cp^t, respec- 
tively. As to <3px(ri,r2;/, 5) we note first that 

/iT 
p^^dv. 
-iT 

If (fc, I, m, n) ^ (0, 0, 0, 0), then on the horizontal part of Cp,t we have \\{v,p; k, I, m,n)\ ^ T, 
and the corresponding contribution in (11.22) is <^ min(l, (T| log/)|)~^), provided p < 1. We 
restrict ourselves to the vertical part of Cp^t- We may assume naturally p > 0. Then, if either 
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/ > or n > 0, we have |A(z/,p; A;, Z, m, n)| P + \u\. By partial integration we see that the 
corresponding contribution to (11.22) is 

(11.28) < (fc + / + TO + n)logrniin(l ^ 



P|logp| 



provided p < 1. li I = n = 0, and < p < P/2, then obviously we get the same conclusion. 
Otherwise the contribution in question is <C logT, provided p < 1. Collecting these, we have, 
for ri < r2, 2P < T, 

riT 

(11.29) Qp_r(ri,r2;/,ff) = -2z ^ U{n)g_^{r2) / {n/r2f''dv 

I I ^ n> J —iT 

\p\<p 

+ O ( logTmin ( 1, -,^^^)) + O ^'^^^ 



P\log{n/r2)\JJ V 

which ends the discussion of the case \u\ < \v\. 

The case |u| > \v\, i.e., n > r2, can be treated in just the same way. We return to (11.12), 
and this time we shift the relevant contours to the left, getting the same assertions as (11.26) 
and (11.29). In this way we now have 

(11.30) / f{u)g{v)Rp^T{u,v)d*ud^v 

= E /_.^M/(z.,p)M5(-i.,-p)dz. + (^j^ + . 

Hence we set P = [log'^ T]. We find that the right side of (11.3) is equal to 

(11.31) -2zV / Uf{u,p)Mg{-y,-p)dv. 

With this and the Parseval formulas for Mellin transform and Fourier series expansion, we finish 
the proof. 

We shall also need the following property of the transform K: 

Lemma 11.1. Let f be an even smooth function on with a compact support. Then we 
have 

(11.32) V/ Kf{u,p){p^~iy^)diy^O. 

Proof. LetveC be such that Rez/ > and - fc| > i for aU e Z. Then (11.8) and (11.10) 
give 

(11.33) J/(i^,p)« 2^ rn\n\\T{iy -p + m+ l)\\T{u + p + n+l)\ 

m, n>0 



(1 + |p — TO + n|)^|i/ + TO + 
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If \p — m + n\ < ^\p\, then we have n + m > ^\p\, and consequently |f + m + n| l^- + \p\; 
otherwise we have \p — m + nWu + m + n\ \pu\. Thus we have, for any fixed large C > 0, 

(re 

<"-^'" ^/'-■ri<< |r(.-|p|/i)r(. + M + i)l 'l-'l + l^l'-° 

This estimate allows us to carry out the same procedure as in (11.13)-(11.14): We have, for 
any positive integer P, 

(11.35) ^ / Kfii.,p){p^-iy^)di^ = 2 / 3f{u,p)^^-^du. 

As before, the sum of residues arising from this shift of contour vanishes because of the first 
relation in (11.15). The last integral is, in view of (10.9) and (11.34), 

(11.36) «(^) J jP+\t\f-^dt 
uniformly for \p\ < P. This obviously ends the proof. 

Remark. The inversion formula (11.2) could be formulated as a discontinuous integral of new 
type in the theory of Bessel functions. The idea of the proof is to view the transformation 
K in (11.1) as a perturbation of the Mellin-Fourier transformation on C^. Insert the power 
series expansion of 3±v,±p into the integrals hidden in K/(i^, p)Kg(i^, p) on the right of (11.3). 
Two of the four lowest order terms describe the Mellin-Fourier transformation on in polar 
coordinates, as is well indicated by (11.20). The proof of the inversion consists of showing that 
all other terms do not contribute. The key to achieve this is the vanishing of the double sum 
in (11.14). That is, a certain rearrangement of products of J-Bessel functions of various orders 
is taking place behind our argument, which further points to a relation with the Neumann 
expansion (see Chapter XVI of [42]). The basic idea is present in Section 2.5 of Kuznetsov's 
preprint [21], which deals with the Bessel inversion for the modular case, and is indeed the first 
instance of such investigations (see also Section 2.4 of [30]). 

Our proof is, however, admittedly technical, and one may wish to find a more structural 
proof that takes into account the way through which the functions dv,p and %v,p come into our 
discussion. They correspond to functions on the big cell in the Bruhat decomposition of G, 
transforming on the left and the right according to non-trivial characters of the subgroup N, 
and turn out to be a basis of the solutions of fl±f = |((i/ TP)"^ — !)/• These and the adjoint 
formulation (11.3) suggest that the inversion should be a part of the spectral theory on the big 
cell. A proof along such a line might work for other Lie groups of rank one as well. To this we 
hope to return elsewhere. 

As to Lemma 11.1, we remark that there are test functions h such as the one introduced 
in (10.14), for which 

(11.37) J2 f h{u,p){p'-y^)dy^Q. 

Thus Lemma 11.1 shows that (11.2) gives only a one-sided inversion of the transformation B. 
Also see the remark at the end of Section 13 for an alternative argument . 
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12. The Bessel kernel 3C^,p 

The main feature of Theorem 10.1 rests precisely in the integral transform B defined by (10.2), 
and thus in the kernel 3C,y,p. In this section we shall prove an integral formula for %v,p, which 
has a practical value for our purpose, and an interest of its own. 

Theorem 12.1. Let |Rei/| < j. Then we have, for any p & Z and non-zero u gC, 



y 



xJ2p{\u\\ye^'' + {ye^'')-'\)dy, 



(12.1) 3C.,,(u) = i-iyt / ..2-1 ( ye +{ye ) \ 

where u = |u|e*''. 

Proof. Since 'Xv,p{u) = 'X^-piu), we may assume that p is non- negative. We shall first show 
that we have, for Re > —p, 



(12.2) a.,p(27ru) = {-lY\u/2\^^ ^ 



|m| <p 



2p 
p + m 



{iu/\u\) 



-2m 



/ exp{2n^-7TRe{u^)/OIu-m{Mu\yOr'''-'dC 
2m Jn) 



'(1) 

The basis for this formula is (6.20), where the function 3u,p enters into our investigations. We 
set there ui = 1, a;2 = u^, I = p, and q = p. On noting (6.18), we have, for Beu > 0, r > 0, 
and kG K, 



(12.3) 



where, by (5.9), 



i 



-27riRe z 



S 1 "ySp ,p (i^7 p) (h [u] wn [z] a [r] k) (i+ z 

7r~^'^|Mp3i,,p(27rw)^i</5p,p(i/, p)(a[r]k), 



(12.4) h[«]wn[^]a[r] 



+ z 



+ z 



\Jr'^ + \z^ ' -\/r^ + 



Using (3.24), (5.26)-(5.27), and (6.13)-(6.14), we equate the coefficients of $g_p(k) on both 
sides of (12.3), getting 



(12.5) 



Here 



K^{2Trr)du,p{'^TTu) 



|u|2p^-2p 



27r 



^ i"'{u/\u\)-^"'U.,m{u,r). 



|m|<p 



(12.6) Uvm{u,r)= I exp ( — 27rirRez — 27ri- 

Jc ^ r 

'^-™W(1 + |Z|2) 



m.O 



Reu^z 

(TTRF) 

z -1 
1 z 



(1 + |Z|2)2P+1' 
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where the asterisk denotes that we have extended the definition (3.18) in an obvious way. We 

arc going to compute Ui,,p{u,r) asymptotically when r tends to infinity, so that the result 



yields the cancellation of the factor K^, (27rr) 



-1/2 -27rr 



on the left side of (12.5). We put 



z = X + iy with a;, y e M in (12.6), and then regard the integral as a double complex integral. 
Studying partial derivatives of the argumc;nt of the exponentiated factor, we see that a saddle 
point exists at x = —i + ci/r, y = c-^l^'. where Ci, C2 are asymptotically constant as r "f oo. 
Because of this we make the change of variables (x, y) ^ (— ^(1 — l/*") + xjr^ vl \pr). Here the 
factor 1 — 1/r is to avoid the singularity at (— i, 0). We have 



(12.7) 



^2p-ig-27r(r-l) 



/OO f-C 
] 
-oo — C 

™'°U 1 _j+ (a; + j)/j. + jy/^ 



exp I — 27ri.T + 27ri 



ai — a{x + i)/r — hy/^/r \ 
2 + y'^ -2ix+{x + iy/r) 
-1 



X J, 



(. 



2'k\u\ 



-) 



dxdy 



2 + y'^ -2ix+{x + iy/rJ (2 + 1/2 _ 2ix +{x + i)2/r)2p+i ' 



where a = Re , 6 = Im v? . It is easy to check that this double integral converges absolutely 
and uniformly as r t oc, provided Kev > Q. Thus we have 

Uu_p{u,r) „ f°° /„ . N 27ra 



(12.8) 



lim 



= 2 



exp ^27r(l 



ix) — 



2 + y^ -2ixy 
dxdy 



.2 + 1/2 _ 2ia;y (2 + y2 _ 2ia;)2p+i " 



We shift the contour of the a;-integral to Ima; = —y^/2. We then find that 
(12.9) ^-^^"''^^ 



lim 

= -i2-2f / cxpf2<-^)c 



(1) 



■\u?\ d^ 

^ J ^2p+l ■ 



On noting that $f„*o ( T -1 ) = ("l)^*"(p-m)' Sct, from (12.5) and (12.9), the repre- 
sentation (12.2) at least for Rez^ > 0, and then we use analytic continuation with respect to 



u. 



We move to the proof of (12.1). We shall treat first the case p > 0. Since 3-i^,-p{u) 



3-p,p{u), we see that (12.2) gives, for |Rez/| < p, 



(12.10) X^,p{2ttu) = (-l)P- 



U |2P 
2I 



E 

m\<p 



1 



X— / exp(2< 



2p 
p + m 

TrRe (w2) 



-2m 



-2p-l 



d^. 



Observing that Re^ ^ > 0, we have 



(12.11) 



E 

|m|<p 



2p 
p + m 



-2m 



7r|Mp 
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1 

2 7o 



2p 



exp 



say, where i? is as in (12.1), and Iv,p{u,^) is the part corresponding to y > 1. We put 

(12.12) XlA^nu) = i-ir^. llf'J^^^ exp (2n^ - 11^^^ I^,,MC'^-'d^. 

We insert into this the integral representation of /y_p(u,^). The resulting double integral is 
absolutely convergent for Re < 0, and 3C* p(27ru) is regular there. To get analytic continuation 
to Re v we turn the line of integration of I,y,p{u, ^) around the point y — 1 through a small 
angle which has the same sign as Im^. We get immediately the bound /i/,p(u,^) <C 1^1^'"''''^, 
which means that 3C* p(27ru) is regular for Bev < p. Thus we have the decomposition 



(12.13) 



provided |Rci^| < p. Wc now assume that — p < Rci^ < 0. Then, because of the absolute 
convergence mentioned above, we may exchange the order of integration in (12.12). We get 



(12.14) 



2ttH 



2p 



2p 



exp 27r^ 



(1) 



(- 



7r|u| 



1 



-2p-l 



d^dy 



X J2p I 2Tr\u\ 



Vye 



1 



^/ye■'^' 



dy. 



By the asymptotic property of the J-Bessel function, the last integral converges absolutely for 
Rei^ < J. This fact and the identity (12.13) gives rise to (12.1), if p 7^ 0. 

We shall next consider the case p = 0. Wc arc unable to use the formula (12.2). Nonetheless, 
the right side of (12.1) converges absolutely for p — Q and |Rei/| < \. By Neumann's addition 
theorem for Jq we see that it is equal to 



(12.15) 



-^(-l)"e2™^^ / y^''-'Jm{\u\y)Jm{\u\/y)dy, 



where the necessary absolute convergence is easy to check. By Lemma 6 of [33] this is trans- 
formed into 

(12.16) — cosTT!/ ^(-I)'"e2'"*'' / J2„x(|u|sinr)ii:2^(2|u|cosr)dr 



= COS TTi/ 



it/2 



cos(2|m| cos'dsmT)K2u{2\u\ cos r)dT, 
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where the second hne depends on the definition of the J-Bessel function of an integral order. 
According to Lemma 8 of [32], the last integral is equal to ^Tr'^Xi,fi{u)/ costtz^. This ends the 
proof. 

Next, we turn to the mean of X^^p over C*^ . We shall later require that it is not too large. 
Lemma 12.1. Let 

(12.17) 2|Rez^|<p<^. 
Then we have 

(12.18) / |X,,p(zt)nu|2Pdx««(l + |p|)2p-i, 

Vex 

where the implied constant depends only on p and Rev. 

Proof. The formula (12.1) and the Cauchy-Schwartz inequality give 

(12.19) |3C.,p(re"')P < - / {y''"''' + y-^'''n^y-'^~'dy 

/oo 
y''-'j2M{r\ye'^ + {ye'^)-'\fdy, 

where we assume 4|Rez^| < < 2p. We multiply both sides by r'^P~^ and integrate with respect 
to r and ^, getting 

(12.20) / |3C,,p(u)|2|u|2P(iXu 

«/ / y'^-'\ye''> + {ye''')-'\-"'d^dy J2\p\{rfr^''-^dr. 
Jl Jo Jo 

The right side converges. Then we invoke 

(12 21) r J., M'r'^-'dr - ,2.-1 r(l - 2p)r(2b| + p) 

(12.21) J2H(r)r dr - 2 ^(1 - p)2r(2|p| + 1 - p) 

(see p. 403 of [42]). This ends the proof. 

Remark. The integral formula (12.1) appears to be new; despite its classical outlook we have 
not been able to find its tabulation. An alternative proof of (12.1) is indicated in Section 15. 

It seems worth remarking that iJC^.p appears in the context of Section 2 as well: We consider, 
more generally than (1.1), the mean value 

/oo 
|CF(| + it)CF(i + »i, y)\^9{t)dt, 
-00 

where p G 2Z. Then we need to treat 

(12.23) ^ ao,{n,^p)ai3{n + m,-^p)g*{n/m;^,6) 
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with m ^ 0. Corresponding to (2.31) we have the sum of Kloosterman sums 

(12.24) ^ -^Srim, n ; c) [g]p (^^y/rmi; a, (3, 7, 6^ , 

where 

(12.25) [ff]p(u;a,/3,7,(5) = (|u|/2)-2(i+«+/3) ^(-l)'»a-(lpM9l)(iy/|u|)2(p+9) 

^ f r(l-g + l|p + g|)r(l + a-.+ ^b-g|) . 4 
hv) r(s+i|p + g|)r(s-a+i|p-g|) 

with ry < 1 + min(0, Re a). We compare this with (14.13), and are led to the expression 

(12.26) [gUu; a, 13,^,5) 

= m{u/\u\fP{\u\/2f^^-^) [ g*{v; 7, S)X.^,j,{iuV^){v/\v\r\vf+'^d^v. 

This belongs to the family of Voronoi transforms in the theory of lattice points. 

13. Sum formula. II 

We are now ready to invert the sum formula (10.1). The result is one of the main assertions of 
the present article, and is embodied in 

Theorem 13.1. (Kloosterman— Spectral sum formula) Let f be an even function on 
. Let us suppose that there exist constants p and a such that < p < 5 < cr, and 

1. f{u) = 0(|u|2-) as \u\ i 0, 

2. f is six times continuously differentiable, and for a + 6 < 6 



/ |(ua„)V(«)l>l'-'^rf"' 

Then we have, for any non-zero u)i,u}2 S 

(13.1) ^j^SF{uil,UJ2;c)f ( — ^/lJ^ 



u < 00. 



c • 



= 2T,Y,\cv{l)?tv{uJi)tv{uJ2)^f{yv,Pv) 

V 

^A\^i^2\J J(o) |a;ia;2|1CF(l + i^,p/2)|2 "'^'^^ 



where the transformation K is defined in (11.1), and V runs over all Hecke invariant right- 
irreducible cuspidal subspaces of L^ {r\G) together with the specifications in Section 8. The 
contour is the imaginary axis, and the convergence is absolute throughout. 

Proof. We denote the left and the right sides of (13.1) by -L*^ oj2if) -^wi u>2if)' respectively. 
Let X > be large, and let x(r) be a smooth function which is equal to 1 for 1/X < r < X, 
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and for r < 1/{2X) and r > 2X, and monotonic otherwise. Also let (j)he & smooth function 
on C such that 

(13.2) / (l)d''u=l, > 0, and =0 if |w- 1| > X-i. 

With these we put 



(13.3) fxiu)= (l){u/v)x{\v\)f{v)d>'v. 

This function is smooth and compactly supported on C^, and converges pointwise to / as 
X t oo. By virtue of Theorems 10.1 and 11.1 coupled with Lemma 11.1, we have 

(13.4) L*^,,^Afx) = K,,.Afx)- 
By the condition 1 and by the bound (8.14) we have readily 

(13.5) lim K^,^,{fx) = L:^,^,{f). 
To deal with the right side of (13.4), we observe that 

(13.6) udufx{u)= j cj>{u/v)vdMv\)f{v)]d''v, 
and that 

(13.7) K[Kfx\(v,p) = {y- pfKfx{iy,p) 

with b„ = {uduf' + v?' ■ The latter is due to the; fac;t that and thus %y_p arc eigenfunctions 
of Bessel's differential operator b„ with eigenvalue {u — p)"^. Invoking Lemma 12.1, we have 

(13.8) ^fx{y,p) « min(||/x||„ \\hlfxUv-p\-^) 

for any v e zM, p £ Z, where \\ ■ \\p is the norm of the Hilbert space -L^(C^, \u\~^''d^u). By the 
definition we have WfWp- A multiple use of (13.6) gives that 

6 

(13.9) IKiud^J^fxh « IKiudj^fii « J2 Ww^iud^y f\\p, 

3=0 

since {uduYx is bounded. This and the condition 2 imply that ||b^/x||p is uniformly bounded. 
That is, we have, from (13.8), 

(13.10) Kfxiu,p)^{l + \u\ + \p\)-^ 

uniformly in all involved parameters. Following the argument leading to (10.5), we find that 

(13.11) lim i?:„a,.(/^) = K„a,.(/)- 
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This ends the proof of the theorem. 

Remark. Note the similarity between Theorem 13.1 and Theorem 2.3 of [30]. Comparing 
(11.1) with (2.4.8) of [30], the impression will be enhanced. One may improve Theorem 13.1 by 
relaxing the second condition. It appears, however, that our assertion is sufficiently precise for 
practical purposes. For a possible alternative approach to Theorem 13.1, see the final section. 

The identity (13.4) does not contain the delta-term corresponding to that in (10.1). This 
is of course due to Lemma 11.1. Then, it might be worth remarking that the assertion (11.32) 
is a consequence of the spectral sum formula as well. Namely, one may prove it alternatively 
in the following way: We write (13.4) with the / in Lemma 11.1, in place of fx, but without 
using the lemma, so that the delta-term remains in the identity. Specialize it by setting uji = 1 
and ijj2 = n, multiply both sides by Cf(1 — /?)c-a(^)|'^|"'''^~"^ with [Rea] -|-Re/3 < —2, and sum 
over all non-zero n G Applying some rearrangement partly depending on the arguments 
in Sections 2 and 14, one is lead to the conclusion that C,f{1 — (3) times the left side of (11.32) is 
regular at /3 = 0, which is naturally equivalent to (11.32). This is definitely far more complicated 
than the above proof, but seems to have certain interest of its own. 

It seems possible to extend Theorem 13.1 to other discrete subgroups of PSL2(C), provided 
we have a non-trivial bound for the sums corresponding to our S-p- Otherwise, the test functions 
in Theorem 10.1 have to live on a wider strip [Rei^j < 1 -|-£ with an e > 0, and have prescribed 
zeros &i V = ±1. Then the problem is that the transforms K/, for / even, smooth, compactly 
supported, need not posses those zeros. 

14. An explicit formula 

In this final section we shall apply Theorem 13.1 to the sum (2.31) and establish a spectral 
decomposition of 2.2(5, F) defined in (1.1). The underlying principle is the same as in the 
rational case but the procedure is naturally more involved (cf. Sections 4.4-4.7 of [30]). 

We have first to examine if the two conditions in Theorem 13.1 are satisfied by the function 
[g] {u; a, /3, 7, 6) while (2.27) is assumed. The first condition is easy to check. As to the second we 
observe that [g] is smooth and, together with its derivatives, of rapid decay as \u\ t 00; indeed, 
by virtue of Lemma 2.1, it is enough to move the contour in (2.32) far to the left. Thus we may 
restrict ourselves to the vicinity of the point u = 0. Then we note that udu = ■^{rd,. — ide) with 
u = re'". This implies that when applied to [g] the operator udu does not change essentially 
the asymptotic behaviour of the function as \u\ J, 0. Note that again Lemma 2.1 plays a role. 
Hence we have to check only the case a = 6 = in the condition 2 of Theorem 13.1. The 
confirmation is then immediate. 

Now, let us put 



(14.1) $j,(z^) = $p(j/;a,/3,7,(5;5) = / 3<:^,p(u) [5](w; a, /?, 7, <5)d^u. 
Theorem 13.1 gives, on (2.27), 

(14.2) SmA^, p, 7, 6; g) = + S^;^]j{a, p, 7, S; g), 
where 

(14.3) 5(i)„(a,/3,7,(5;5) = 27r^|cy(l)l2tv^(m)tv(n)<l>p^(i/v), 

V 

^^AA\ c(2) I Q X \ -s:^ f mnY f <^i^{m, -p/2)(7,y{n, -p/2) 

(14.4) SiJAa,P,,,6;g) = -^Y^^ (^^j J^^^ WMrW2)r*^^^^ 
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To consider the function let Kv^p{r, q) and G(r, q) be the 2g-th Fourier coefficients, in argu, 
of the functions %v,p{u) and [g\{u;a,(3,^,5), respectively. We have, from (2.32), 

(14.5) G(r,g) = (r/2)-2(i+"+'5' 

hr)) r(s+2|g|)r(s-a+ 2|g|) 

with ?7 < 1 + min(0,Rea). Note that on (12.17) the assertion (12.18) induces 

/•OO 

(14.6) |i^.,p(r,g)|V''-idr<oo, 

and that by the above discussion we have, given (2.27) and < p < |, 

/>CXD 

(14.7) V/ |G(r,g)|V-2^-idr <oo. 
These imply that 

(14.8) %{u) = 2ny2 K,Ar,Q)G{r,q)-. 

Further, let Ki,^p{s, q) and (5(s, g) be the Mellin transforms of K,^^p{r, q) and G{r, q), respectively, 
as functions of r. Then the last expression is transformed into 

(14.9) ^j,{v)=-iY^[ K,^p{s,q)G{-s,q)ds. 

This is the result of an application of the Parseval formula for Mellin transforms to each integral 
in (14.8) (see Theorem 72 of [37]). The formula (14.5) is obviously equivalent to 

(14.10) G(s, q) = m-ggi^il + a + p) - i,s; 7, S) 

_,r(is + 1(1 - a - /3 + \q\))T{\s + i(l + a - /? + \q\)) 



X 2* 



r(i(l +a + p+ \q\) - is)r(i(l -a + (3+ \q\) - ^s) 



provided (2.27) and Res > 2(Re/3+ |Rea| - 1). To find Ki,^p{r,q) we combine Theorem 12.1 

with Graf's addition theorem (formula (1) on p. 359 of [42]), getting 

(14.11) jf,_p(r,g) = (-l)--(H.l9l)- / y^'^-^J^^^^^{ry)J^^_^^{r/y)dy 

Jo 

for \Reu\ < \ (cf. (12.15)). Via the formula 

(14-12) r JiW-^dy = ^^^^ ^f^^ , 

^ ^ h ' r(i(e-s) + i) 
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with — Re^ < Res < |, and the Parseval formula for Mellin transforms, one may express 
Kv,p{r, q) by an inverse Mellin transform. Then we get 

(14.13) K^As.q) = (-i)"-'^(ifi'i''i)^ 

r(i. + i(z. + |p + 9|))r(is-i(i.-|p-g|)) 



r(l - -!(:.- b + q\))T{l - + i(^ + |p - g|)) ' 

provided 2|Rci^| < Res < 1 - 2|Rei^|. 

The combination of (14.9), (14.10), and (14.13) yields 

Lemma 14.1. The function $p continues meromorphically to C^. We have the representation 
(14.14) %{u;a,(},j,S;g) = ^Y.'^-ir^<\P\'\'>\^ 

/zoo 
9g{s; 7, S)Tg{s; a)TpAs, u; a, l3)ds, 
-ico 



where 

(14.15) r,(s;a) = 



Til-s+^\q\)T{l-s + a+^\q\ 



r(,s + i|g|)r(,s-a + i|g|) 

(14.16) rp,g(s,j/;a,/3) = 



T{.s-^{a + p-iy + l) + l\p + q\ 



T{l-s + l{a + (3-iy + l) + l\p + q\) 
T{s-^{a + P + iy+l) + ^\p-q\) 
^ T{l-s+l{a + /3 + u+l) + l\p-q\y 

In (14.14) it is supposed that the poles of gq{s;j,6)rq{s;a) and those of TpAs,y;a,(5) are 
separated by the contour to the right and the left, respectively; and the parameters are such that 
the contour can be drawn. It follows in particular that if Re v, a, /?, 7, and 5 are bounded, then 
we have, for any fixed A > 0, 

(14.17) $p(i/; a, p, 7, 6; g) « (1 + + |p|)-^ 



05 |:/| + \p\ tends to infinity. 

Proof. We assume first (2.27) and (12.17). Then we may insert (14.10) and (14.13) into (14.9). 
After the change of variable s 1— > 4s — 2(1 + a + (3), we get the expression (14.14) with the 
contour (0). The expression for the general situation follows by analytic continuation. The 
meromorphy of $p is an immediate consequence of (14.14). As to the boimd (14.17), we need 
only to shift the contour in (14.14) far to the left. The resulting integral and the residues are 
estimated by Stirling's formula and (2.12). This ends the proof. 

We assume (2.27) again, and collect (2.30)-(2.31) and (14.2)-(14.4). We obtain 
(14.18) B^^) (a, 13; g*{- ; 7, 6)) = {b^^'^^ + B^i'^) | (^^ ^. g* (. . s)). 
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Here we have 

(14.19) B(y\a, /?; g*{- ; 7, 5)) = -2n,^P\mr+f^+' ^ \cv{l)\Hv{m) 

V 

X Hv{\{l -a- P))Hv{\{l + a- (z/y), 

and 

(14.20) B^^^^\aA 9*{- ; 7, S)) = -n'^-^\mr+P+^ 



X 



y — 



m \''^ /" (Ti/(m, — 2p) 



7(0) |m|-|CF(l + J^,2p)|2 

X CF(i(l - a - /3 + z/),p)CF(i(l - a - /3 - i^),~p) 

X Cf(5(1 + a - /3 + z/),p)Cf(5(1 + a - /3 - z^), -p)$4p(/^)dJ^- 

The expression (14.19) depends on (8.15), (8.21) and (10.13). On the other hand, (14.20) 
depends on the following formula: For any a, 5, c G Z, r, ^ G C we have, in the region of 
absolute convergence, 



(14.21) \ ^(n/|n|)4V(n, b)ai{n, c)\n\-^^ 

_ CF(s,a)CF(s -T,a + 6)Cf(s - ^,a + c)Cf(s - r-^,a + 6 + c) 
~ CF(2s-r-^,2a + 6 + c) " 

This is an extension of Ramanujan's well-known identity for the product of four values of the 
Riemann zeta-function, and the proof is similar (see (1.3.3) of [36]). 

Returning to (2.6), we speciahze (2.29) and (14.18) with a = Zi — Z2, P = Zs — Z4, 'y = Zi, 
and 6 = Z3. We shall assume temporarily that 

(14.22) 1 < Re2;i < Re2;2 < Re^i + 1, 1 < Re^;3 < Re2;4 - 3. 

The condition (2.27) is satisfied. Hence, via (2.28)-(2.29) and (14.18)-(14.20), the formula (2.6) 
is transformed into 

(14.23) J(^i, ^2, 23, zr, 9) = {a^''^ + a'^) + } {zi,Z2, Z3, Z4; 5) 
in the domain (14.22). Here we have 

(14.24) aW(.i,.2,^3,^4;5) = ^^("1 + "3)Cf(^1 + ^4)Cf(^2 + ^3)Cf(^2 + Z,) 

4Cf(2;i +Z'2 + Zz + Zi) 

Qf{zi + 2:3 - 1)Cf(2:2 + Z4)Cf(1 + Z2 - 2;i)Cf(1 + Zi - Z^) _ 
+ OA I \ \ S'o(l; Z-L, Zs) 

2Cf{2 + Z2 + Zi - zi- Z3) 

(f{z2 + Z3- 1)Cf(2;i + 24)Cf(1 +Zi- 2;2)Cf(1 + Zi- Z3) 
+ TT 

2Cf(2 + zi+ Zi - Z2- Z3) 

X 5o(l + Zi- Z2;Zi,Z3), 
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(14.25) a(^)(^i,^2, 23, Zi;g) = "f^^lJlL V \cy{\)\^Hy{\{z^ + + ^3 + ^4 - 1)) 

V 

X -^^(5(2:2 + Zi- Zi- + l))Hv{\{zi +Zi- Z2- Z3 + 1)) 

X ^py{i'v;zi - Z2,Z3 - Z4,zi,zs;g), 

and 

(14.26) J('=)(2i, Z2, Z3, 04; 9) = Y1 ^2, 23, 24; g), 



where 



(14.27) Ji^HzuZ2,Z3,Z4;g) = - '' / Cf(K2i + ^2 + ^3 + ^4 - 1 + J'),^) 

X (pi^izi + Z2 + Z3 + Z4 - I - ly), -p)Cf(|(22 + Z4 - 2:1 - 23 + 1 + iy),p) 

X Cf(5(22 + -24 - 2i - 2:3 + 1 - J/), -p)Cf(^(2i + 24 - 22 - 23 + 1 + 1^),?) 
> /W , ,1 N N*4p(z^;2i - 22,2:3 - 24, 21,23; fif) 

X Cf(5(2i +24-22-23 + 1-1/), -p) ^ , „ 1^ -^T^^^- 

Cf(1 + z^,2p)Cf(1 -!^,-2p) 

We then observe that by Lemma 8.1 the function Hv{s) is entire, and of polynomial order in s, 
Pv and i^v if Re s is bounded. Thus 3^"^^ is meromorphic over by virtue of Corollary 10. 1 and 
Lemma 14.1. To see the situation at the point pi, we note that if (21,22,23,24) is sufficiently 
close to pi , and v GiR (see (8.4)), then we may take (|) as a contour in (14.14). This implies 
readily that 3^'^^ is regular at pi , and we have 



(14.28) a(^) (Pi ; fl) = ^ E \cv{irHv{^f<^,, (i/v; 0, 0, i, i; fl). 

V 

As to the sum of 3^^'' over p 7^ 0, it is analogous to j'"^), and wc have 

It remains to consider the function Jq^\ We note first that it is meromorphic over C^. This can 
be proved either shifting the contour appropriately or simply observing that all terms, except 
for 3l^\ in (14.23) are already known to be meromorphic over C''. Thus, to see the nature of 
3'q^ near the point pi, we may let (21,22,23,24) approach to pi in a specific way, as we shall 
do shortly. 

We start from the domain defined by (14.22), where we have the representation (14.27) 
with p = 0. We shall move the contour, closely following the discussion on the corresponding 
part of the rational case (Section 4.7 of [30]). In the process we shall encounter singularities 
of the integrand, and the difficulty lies in that they depend on 21,22,23,24. To facilitate the 
discussion we put 

1/1 = zi+ 22+23 + 24 - 3, Z/2 = 22 + 24 - 21 - 23 - 1, 

(14.30) 

z^s = 21 + 24 - 22 - 23 - 1. 
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The zeta-part of the integrand in "Jq' has singularities only at the six points ±z/i, ±1/2, ±1/3 and 
at the zeros of Cf(1 + i^)CF(l — '^)- Then we make an observation: 

Lemma 14.2. The singularities of^o{i^; Z1—Z2, zs—Z4, zi, zs;g) as a function ofv is contained 
in the set 

(14.31) { ± (z^i + 2a), ±{V2 + 26), ±(1/3 + 2c) : Z 9 a, 6, c > l}. 

Proof. The singularities can occur only when we are unable to draw the contour in (14.14), 
that is, 

(14.32) {i(a + /?±j/+l)-;±: Z9i±>0} 

n {1 + /1, l + Q! + /2, 7 + ^ + ^3 : Z9/i,Z2,Z3>o}^0. 

Such situations are covered by (14.31) under the current specialization. This ends the proof. 
We now set 

1 1 1 1 , , 

(14.33) zi = -+t, Z2 = - + 2t, Z2, = -+t, Zi = -+Qt; \lmt\ < eq 

with a sufficiently small eq. If | < Ret < 1, then (14.22) is satisfied, and moreover the points 
fi = lOt—1, V2 ~ 6t— 1, i>s = At—1 are not in the set (14.31). Thus, the last lemma implies that 
we can move the contour in 3^^^ so that the points Vi, U2, are on the left of the new contour, 
but none of the points in (14.31) and zeros Cf(1 — z^)Cf(1 + J^) are encountered in the process. 
Leaving the residues at vi , 1^2 and vs for a later discussion, we consider the resulting integral as 
a function of i as t ^ 0, while keeping Ret > and moving the contour stepwise. We observe, 
via the last lemma, that, except for the cases t = |, |, |, we can draw the contour. These 
exceptional points obviously make no trouble; for instance we may assume Imt > 0. Thus the 
integral continues analytically to a small right semicircle centered at the origin. Then, having 
t in this domain, we shift the contour back to the original, i.e., the imaginary axis. This time 
we encounter singularities at —vi, —1^2, and —V3 but none else. Note that at this stage we 
may leave the specialization (14.33), and suppose, instead, that (-21,-22,-23,-24) are in a small 
neighbourhood of pi. The integral Jg^^ thus obtained is regular at pi , and we see readily that 

(14^34) ti(Pt;ri = ~ /^^^gf^*o(.;0.0,i.i;.).. 

Gathering these, we obtain the assertion 
(14.35) J(p 1 ■,g) = {M + + 3i''> } (pi ; g). 

Here 3i''^ is the sum of the right side of (14.27) over all p € Z, but with a different (.21, Z2, Z3, Z4). 
On the other hand M is the sum of J^*"^ and the contribution of the poles a,t u = iui, ±1/2, and 
±1/3 that we encountered in the above procedure. We stress that M is regular at pi. This is 
because all other functions involved in (14.35) are regular at pi . 
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Hence it remains for us to compute M{zi, Z2, z^, Z4; g). We have, in a small neighbourhood 
of pi, 

(14.36) M{zi,Z2, Z3, Z4; g) = ■ ■ ■ T 5(0) 

4Cf(2;i + Z2 + Z3 + Z4) 

Cf(^1 +Z3- 1)Cf(2:2 + ^4)Cf(1 +Z2- 2:i)Cf(1 + Z4, - Z3) _ 

+ or oj-, ; 7\ go{l;zi,z3) 

2(,f[2 + Z2 + Z4 — Zi — Z3) 

Cf(^2 + ^;3-1)Cf(2i+^4)Cf(i + 2;i-^;2)Cf(i + 2;4-^;3)~ , x 

+ , ■ ^ 5o(l + 2:1 - Z2: zi, Z3) 

2Cf(2 + Zi+ Z4- Z2- Z3) 

^ ^^2(23-04)+! Cf(^2 + Z4- 1)Cf(2 - Zi - Z3)(f{zi +Z4- 1)Cf(2 - Z2 - Z3) 

4Cf(4 - zi - Z2 - Z3 - Z4) 

X $o(-2l + Z2 + Z3 + Z4-^\Zi- Z2-, Z3 - Z4, Zi, Z3; g) 
^ ^^2{Z3-Z4) + 1 Cf(^2 + Z4- 1)Cf(^1 + ^:3)Cf(2^4 - Z:i)CF{zi - Z2 + 1) 

4Cf(2 - Z2 - Z4 +Z3) 
X ^o{z2 + Z4- Zi- Z3-l;Zi- Z2,Z3 - Z4, Zi, Z3; g) 
^ .^2(z3-z^) + l Cf{zi +Z4- 1)Cf(^2 + ^3)Cf(2:4 - 2:3)Cf(^2 - ^1 + 1) 

4Cf(2-Z1-2;4 + 2;2 + -23) 
X ^o{zi +Z4- Z2- Z3-l;Zi- Z2,Z3 - Z4, Zi, Z3; g). 

This is obviously a linear integral transform of the weight function g. The six members on the 
right side have singularities at pi, but these have to cancel out each other as M is regular at 
the point. Thus, what matters actually are the constant terms nij (1 < j < 6), respectively, in 
the Laurent series expansions of these members at pi. That is, we have 

6 

(14.37) M{p,;g)=Y,mj. 

i=i 

The computation of rrij can be carried out in much the same way as in the rational case (see pp. 
176-178 of [30]). It is possible to write -M(p i ; g) down explicitly in terms of g and derivatives of 
the F-function, but we stop here to restrict ourselves to the description of the overall structure 
of our subject. 

To state our final result we put A^_p(g) = (2«)~^$p(j/; 0, 0, i, i; 5), and MF{g) = M{pi,g) 
+ aog{^i) + bog{—^i) + aig'{^i) + big'{—^i) with uq, ai, 60, &i as in (2.2). We thus have 
established 

Theorem 14.1. Let g be as in (1.1). Then, with the transformations Mp and A^^p defined 
above, we have the identity 

(14.38) Z2{g,F) = Mpig) + J2\M^)\^Hv{^f^^v,Pv{9) 

V 

1 V- r iCF(i(i+^^),p)r 

'(0) 



+ ir--2L^ \r (A . — o M2 A:,^4p{g)dv, 

^'^^7^J(0) ICf(1 + z^,2p)|2 



where V runs over all Hecke invariant right-irreducible cuspidal subspaces of L'^{r\G) together 
with the specifications in Section 8. The contour is the imaginary axis, and the convergence is 
absolute throughout. 
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Remark. Note that despite the special nature of our dissection in (2.6) the arithmetic ingre- 
dients in (14.38), i.e., the functions -ffy(s) and Cf{s,p) are in fact defined over integral ideals 
of Q(i). 

15. Concluding remarks 

In this final section we shall develop a further discussion of elements involved in our main 
result (14.38), in the light of recent developments made to understand the explicit formula for 

2^2(3, Q), the fourth moment of the Ricmann zeta-fimction C = Cq- Wc shall also ponder on an 
intriguing nature of (14.38) that is briefly remarked in the introduction. 

Thus, Theorem 4.2 of [30] is now translated into 
(15.1) 2;2(5,Q) = MQ(5) + $^|cv(l)|^Hv(i)^A^(5) + ^/^ ^|^i±^A.(ff)rfi.. 



V 



Here Mq has a construction similar to Mp, V runs over all Hecke invariant right-irreducible 
cuspidal subspaces of i^(PSL2(Z)\PSL2(M)), and cy{n) (Z 9 n ^ 0) are the Fourier coefficients 
of V, to which the Hecke series Hy is associated. The i/y is the spectral parameter of V; that is, 
being restricted to V, the Casimir operator over PSL2(K) becomes the constant multiplication 
(i/y — i) • 1. The functional is to be made precise shortly. 

The similarity between the formulas (14.38) and (15.1) appears to the authors to suggest 
the existence of a geometric structure yet to be discovered. In particular, these results are 
expected to extend to a wide family of automorphic L-functions (cf. [19]). To enhance this 
observation, we quote, from [34] with minor changes of notation, the integral representation 

Jo (r(r + l))2 

where g is as above, and 

(15.3) S.(r) = -/ Uulr)jo{-u)^ Rx = R\{0}, d^u = dul\u\. 

^ J-Rx ^/\u\ 

Here 

(15.4) Uu) = - Jr^"'\^nVH)} , 
with J+ = Jj,, J~ = I^. Correspondingly, we have, for F = Q{i), 

where 

\ f / \ di^v 

(15.6) Si^.pN = 77- / ju,p ( Vi^/w) jo,o W-v) TT' 

with 

(15.7) >,p(m) = 27r2|u|23C,^p(27ru) 

= 27r2^^ (a_,,_p(27ru) - 3^,^(2™)) . 
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The last three formulas follow readily from (12.26), with p = 0, and (14.1). As a matter of 

fact, the Bcsscl kernel jy that originates in Kuznetsov's works [21], [22] can be identified as 
the Bessel function of irreducible representations of the group PSL2(K), and so is the jv,p in 
its relation with PSL2(C). For these facts see [8], whose announcement is in [7], [34]. This 
interpretation of based on the harmonic analysis over PSL2(M) is originally due to Cogdell 
and Piatetski-Shapiro [9]; and [8] contains an alternative and rigorous approach to it via the 
concept of local functional equations of Jacquet and Langlands [18], including its extension 
(15.5)-(15.7) as well. Hence, the resemblance between (14.38) and (15.1) in fact reaches deeper 
than the sheer outlook suggests. At any events, the last expressions show how tightly the mean 
values of zeta-functions are related to the structure of function spaces over linear Lie groups. 

This is naturally the same with sum formulas of Kloosterman sums. The work [9] in fact 
indicates a way to directly connect Kuznetsov's sum formula with j^, without the inversion 
procedure of the Spcctral-Kloosterman sum formula for PSL2(M) as Kuznetsov did. Since 
the principal means on which [9] is based have been extended to the present situation, as 
remarked above, one may argue that we could prove our Theorem 13.1 without first establishing 
Theorem 10.1. That appears to be the case, but in the present work we have chosen the way 
to extend the argument of [26] to include all JsT-aspects. This is because the combination of 
the Jacquet and the Goodman- Wallach operators provides us with a flexibility, perhaps greater 
than the extension of [9] could. Moreover, the present version of the sum formula for PSL2(C) 
is more suitable than existing ones for applications in the study of Kloosterman sums and in the 
investigation of the distribution of automorphic spectral data. It should, however, be remarked 
that Theorem 12.1, the above proof of which depends on the Goodman- Wallach operator, could 
be derived also from the interpretation of jv,p as Bessel functions of representation of PSL2(C). 
For this see [8], [34]. 

We now turn to a comparison between (14.38) and (15.1), in their asymptotic aspects, which 
one may assert is more important than to discuss their structural similarities. Here exists a 

remarkable difference between these formulas. That concerns the nature of the term M^ig) in 
(14.38). In (15.1) the MQ{g) is indeed the main term in the sense that with a specialization of 
g it gives rise to the main term in the asymptotic formula 



as T t oo, where P4 is a polynomial of order 4 (Theorem 5.2 of [30]). The function that is 
the counterpart of M for C, has an expression similar to (14.36), and at the point pi the terms 
involved in it have singularities of order 4 at most; see Section 4.7 of [30]. Analogously the 
functions on the right of (14.36) have singularities of order 4 at pi , and the structure of M-F{g) 
is similar to that of MQ{g). We have, however, the lower bound 



which can be proved by the argument in Section 7.19 of [36]. Thus, it is hard to regard M-p{g) as 
the main term in (14.38), in the present context. This appears to raise a basic question about 
the fourth moment of Qp, and remotely the same about the eighth moment of the Riemann 



(15.8) 




(15.9) 
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zeta-function. Most probably it would be expedient to study the Mellin transform 

/oo 
\Cf{^ + it)\H-''dt 

as in the rational case, i.e., [29] and section 5.3 of [30], in order to sec finer analytic aspects 
of (14.38). This and the related issues such as the spectral mean values of Hv{^) are left for 
future works. That is, the explicit formula (14.38) is to be regarded as just the beginning of a 
new story. 

The above argument is, however, not the unique way to investigate the fourth moment 
of Cf- This is already mentioned in [33], and concerns a possible extension of Vinogradov- 
Takhtadjan Jutila's functional treatment of the fourth moment of the Riemann zeta-function 
([39], [19]). In the above we have obtained all necessary means for this purpose: especially, the 
spectral sum formula (10.1), the Fourier expansion of Eisenstein series (5.32), and results on 
Bessel transforms. 

Finally, we remark that the mean square of the Dcdekind zeta-function of any imaginary or 
real quadratic number field can be treated with the sum formula over the relevant congruence 
subgroup of the modular group; and the result is analogous to that for 2.2(5, Q) (see [31]). Also, 
repeating a remark in the introduction, the present authors have established, in [6], an explicit 
spectral decomposition for the fourth power moment of the Dcdekind zeta-function of any real 
quadratic number field with class number one. The necessary spectral theory is developed over 
the Hilbert modular group attached to the respective field. 
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